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Abstract

Malaria and zika virus disease are amongst the major causes of health burdens globally and
efforts are still being made to control their spread. Studies have shown that both diseases can
co-circulate in an environment where Anopheles and Aedes mosquitoes coexist. This portrays the
possibility of coinfection of both diseases as studies have also proved. In this work, bifurcation
analysis was carried out on a coinfection model of malaria and zika virus disease. The model
incorporated vaccination against malaria, treatment of infectious humans and use of SIT to control
the population of the vectors. The various equilibrium states obtainable in the system were shown
and analyzed The existence of an endemic equilibrium is shown and conditions were obtained
for the occurrence of backward bifurcation or not. The endemic equilibrium was shown to be
globally asymptotically stable when it exists. Plots were also used to demonstrate the dynamics of
the system. This study highlights the importance of taking into consideration, the occurrence of
coinfection of diseases so that proper diagnosis should be carried out before treatment. It also
shows the role that vaccination, treatment and use of sterile insect technique play in controlling
the spread of malaria, zika virus disease and their coinfection. The study concludes that malaria,
zika virus and their coinfection will be effectively controlled if the intervention measures focuses
on both the human and mosquito populations simultaneously.
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1 Introduction

Malaria is one of the diseases targeted by the United Nations’ Sustainable Development Goals (SDGs)
that should be fully combated by 2030 (United Nations, 2023). It is caused by the Plasmodium
parasite and transmitted to humans through the bites of infectious female Anopheles mosquitoes
(Onah et al., 2019; Nwankwo and Okounghae, 2019). Malaria has remained highly endemic in
Asian and sub-Saharan African countries and still poses a global threat. One of the reasons for
its endemicity in recent times is the increasing nature of drug resistance by the causative parasite
thus highlighting the need for more preventive than controlling measures (WHO, 2022). According
to WHO (2023), the mosquitoes have mutated to resist the effect of insecticides and thus remains
ever-present in their host environment. It is estimated that there are about 247 million cases globally
while the estimated number of deaths due to malaria was 619,000 (WHO, 2022). Tropical regions in
Africa accounted for 92% cases and 93% deaths respectively out of which Nigeria had the highest
with 25% and Uganda lowest with 4%. Symptoms of malaria include infant mortality, morbidity,
headache, fever, shaking chills, bloody stools, jaundice, severe anaemia, profuse sweating, nausea,
muscle pain, diarrhea, vomiting, abdominal pain, fatigue, convulsions, coma, etc (WHO, 2023).
Zika virus disease (ZIKV) on the hand is a flavivirus disease transmitted through the bites of
infectious female Aedes mosquitoes (Atokolo and Mbah, 2020). It can also be transmitted through
sex, blood transfusion or by infectious women to their newborns during pregnancy. It was reported
in 2015 that over 69 countries had (ZIKV) infection through mosquito bites while human-to-human
transmission cases occurred in 13 countries, 29 countries had congenital transmission cases and 20
countries had Guillain-Barre syndrome (GBs) cases (WHO, 2016). The symptoms of ZIKA include
headache, maculopapular rash, fatigue, mild fever, muscle and joint pain, retroorbital pain, oadema,
vomiting, conjunctivitis, lymphadenopathy malaise, arthralgia, sore throat and uveitis (CDC, 2022;
Eguda et al., 2019).
Malaria and zika virus disease are amongst the diseases that can coinfect humans. Others include;
COVID-19 and pneumonia, Hookworm and malaria, Chikungunya and Dengue, Dengue and HIV,
Hepatitis C and HIV, Hepatitis C and D, COVID-19 and flu, Malaria and Zika virus, Ebola and
malaria, Dengue and Zika virus, etc (WHO, 2016; McArdle et al., 2018). Studies have shown that
in any environment where both malaria and ZIKV disease coexist, their coinfection is possible.
Amaoh-Mensah et al. (2018) studied a coinfection model of malaria and zika virus disease where
they showed that both diseases can be controlled by improving their rate of recovery. Otu et al.
(2020) conducted a study on the prevalence of both diseases in hundred (100) patients with fever
in nine (9) secondary healthcare facilities in south-east Nigeria. They tested blood samples of
the patients and found out that 55% of the patients had malaria, 20% had zika infection while
about 15% had the coinfection showing the high probability of the existence of the coinfection of
both diseases. The authors in (Mac et al., 2023) conducted a sero-epidemiological and clinical
studies to help understand the hidden endemicity and disease burden of zika virus, malaria and
other arbovirus in humans. Their study showed the possibility of zika virus, malaria and other
flavivirus co-circulating in Nigeria. Baba et al. (2023) carried out a cryptic study on Zika virus
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infections arising from Malaria suspected cases. They tested 496 patients suspected to be infected
with Malaria from choice health centers in Bauchi, Borno and Adamawa states. They discovered
that 86% of Zika virus patients were found to be co-infected with other arbovirus diseases. Patients
co-infected with Chikungunya (39.3%), dengue fever (60.7%), Yellow fever (7.1%) and West Nile
viruses (23.2%). The authors in Duru et al. (2024) worked on a coinfection model that incorporates
vaccination, treatment and using sterile insect technology to control the vectors. In their work, they
assumed that some humans accepts vaccination against malaria while some refuses and simulated
the scenario to show the dangers of not being vaccinated as the proportion of humans who accepts
vaccination is varied. They also considered cases where infectious humans with malaria, zika virus
disease and their coinfection are treated. It also looked at the effects of refusing treatment by
infectious humans with malaria and coinfectious humans with both diseases on health burdens.
Their work showed that treatment reduces the spread of the diseases in both human and mosquito
populations. The work also considered the effect of using sterile insect technique (SIT) to control
the vectors. Sterile insect technique is a proceedure that involves releasing certain number of sterile
male mosquitoes into a target population so that when the sterile males mate with the females in
the target population, they lay eggs that do not hatch. Duru et al. (2024) simulated the effect
of varying the number of SIT mosquitoes interacting with the females in the wild with time and
showed how successfully SIT can be employed to control the population of mosquitoes and thus the
spread of malaria and zika virus disease. In this study, we will present the existence of endemic
equilibrium, bifurcation analysis and more simulations of the system shown by Duru et al. (2024)
to gain more insight into the dynamics of the coinfection.

2 Materials and Methods

The mathematical model for the coinfection by Duru et al. (2024) has twenty-two (22) compartments
made up of the human and mosquito populations. The human population is divided into sixteen
(16) compartments; Susceptible humans Sh, Vaccinated humans for malaria Shv, Unvaccinated
humans for malaria Shu, Exposed humans to malaria Ehm, Exposed humans to zika Ehz, coinfected
humans with both diseases Emz, Infectious humans with malaria Ihm, symptomatic infectious
humans with zika IhzS , asymptomatic infectious humans with zika IhzA, coinfectious humans with
both diseases Imz, Infectious humans undergoing treatment for malaria IhmT , Infectious humans
undergoing treatment for zika IhzT , coinfectious humans undergoing treatment for both diseases
ImzT , Infectious humans not undergoing treatment for malaria IhmU , coinfectious humans not
undergoing treatment for both disease ImzU and Recovered humans Rh. The mosquito population is
subdivided into six (6) compartments; Susceptible Anopheles mosquitoes Smv, Exposed Anopheles
mosquitoes Emv, Infectious Anopheles Mosquitoes Imv, Susceptible Aedes mosquitoes Szv, Exposed
Aedes mosquitoes Ezv and Infectious Aedes mosquitoes Izv. The details of the transmission dynamics
and theoretical background of the model has been fully discussed in their work. The coinfection
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model of Duru et al. (2024) is given by

dSh
dt

= Λh + θRh − (ρ1 + ρ2 + τ1)Sh
dShu
dt

= ρ1Sh − (α1β1Imv + α2η1Izv + τ1)Shu
dShv
dt

= ρ2Sh − (α1β2Imvφ+ α2η1Izv + τ1)Shv
dEhm
dt

= α1β1ImvShu + α1β2ImvφShv + ϕ1IhmU + ϕ2ImzU − α2η1IzvEhm − (δ1 + τ1)Ehm
dEhz
dt

= α2η1Izv(Shu + Shv) − α1β1ImvEhz − ((χ1 + χ2)δ2 + τ1)Ehz
dEhmz
dt

= α1β1ImvEhz + α2η1IzvEhm − (δ3 + τ1)Emz
dIhm
dt

= δ1Ehm − α2η1IzvIhm − (τ1 + τ2 + ε1 + ε2)Ihm
dIhmT
dt

= ε1Ihm − (γ1 + τ1 + τ2)IhmT
dIhmU
dt

= ε2Ihm − (ϕ1 + τ1 + τ2)IhmU
dIhzS
dt

= δ2χ1Ehz − α1β1ImvIhzS − (τ1 + τ3 + ψ + ω1)IhzS
dIhzA
dt

= δ2χ2Ehz − α1β1ImvIhzA − (τ1 + τ3 + ω3)IhzA
dIhzT
dt

= ψIhzS − (τ1 + τ3 + ω2)IhzT (1)

dIhmz
dt

= α1β1Imv(IhzS + IhzA) + α2η1IzvIhm + δ3Emz − (τ1 + τ4 + σ1 + σ2)Ihmz
dIhmzT
dt

= σ1Imz − (τ1 + τ4 + γ2)IhmzT
dIhmzU
dt

= σ2Imz − (τ1 + τ4 + ϕ2)IhmzU
dRh
dt

= γ1IhmT + γ2ImzT + ω1IhzS + ω2IhzT + ω3IhzA − (τ1 + θ)Rh
dSmv
dt

= Λmv − α1(β3Ihm + β4IhmT + β5IhmU + β6Ihmz + β7IhmzT + β8IhmzU )Smv − (κ1MSIT + µm)Smv
dEmv
dt

= α1(β3Ihm + β4IhmT + β5IhmU + β6Ihmz + β7IhmzT + β8IhmzU )Smv − (ν1 + µm)Emv
dImv
dt

= ν1Emv − µmImv

dSzv
dt

= Λzv − α2(η2IhzS + η3IhzA + η4IhzT + η5Ihmz + η6IhmzT + η7IhmzU )Szv − (κ2ZSIT + µz)Szv
dEzv
dt

= α2(η2IhzS + η3IhzA + η4IhzT + η5Ihmz + η6IhmzT + η7IhmzU )Szv − (ν2 + µz)Ezv
dIzv
dt

= ν2Ezv − µzIzv

where Sh(0) = S0
h, Shu(0) = S0

hu, Shv(0) = S0
hv, Ehm(0) = E0

hm, Ehz(0) = E0
hz, Ehmz(0) = E0

hmz, Ihm(0) =
I0
hm, Ihmz(0) = I0

hmz, IhmT (0) = I0
hmT , IhmU (0) = I0

hmU , IhzS(0) = I0
hzS , IhzA(0) = I0

hzA, IhzT (0) =
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I0
hzT , IhmzT (0) = I0

hmzT , IhmzU (0) = I0
hmzU , Rh(0) = R0

h, Smv(0) = S0
mv, Emv(0) = E0

mv, Imv(0) =
I0
mv, Szv(0) = S0

zv, Ezv(0) = E0
zv and Izv(0) = I0

zv are the initial conditions of the system.

Figure 1: The flow diagram for the coinfection of malaria and zika virus disease.

2.1 Positivity of solutions and Invariant Region

Theorem 1. Let the initial data set for the model be (S0
h, S

0
hu, S

0
hv, E

0
hm, E

0
hz, E

0
hmz, I

0
hm, I

0
hmz, I

0
hmT , I

0
hmU ,

I0
hzS , I

0
hzA, I

0
hzT , I

0
hmzT , I

0
hmzU , R

0
h, S

0
mv, E

0
mv, I

0
mv, S

0
zv, E

0
zv) which are all nonnegative at t = 0. Then,

the solution set (Sh(t), Shu(t), Shv(t), Ehm(t), Ehz(t), Ehmz(t), Ihm(t), Ihmz(t), IhmT (t), IhmU (t), IhzS(t), IhzA(t),
IhzT (t), IhmzT (t), IhmzU (t), Rh(t), Smv(t), Emv(t), Imv(t), Szv(t), Ezv(t), Izv(t)) of the model with the
given initial data will remain positive for all time t > 0.

Theorem 2. The region, Ω = Ωh×Ωm×Ωz is positively invariant and is an attractor of all possible so-
lutions to the system where Ωh = {(Sh, Shu, Shv, Ehm, Ehz, Ehmz, Ihm, Ihmz, IhmT , IhmU , IhzS , IhzA, IhzT ,

IhmzT , IhmzU , Rh) ∈ R16
+ : Nh ≤ Λh

µh
},Ωm =

{︃
(Smv, Emv, Imv) ∈ R3

+ : Nmv ≤ Λmv
µm

}︃
and

Ωz =
{︃

(Szv, Ezv, Izv) ∈ R3
+ : Nzv ≤ Λzv

µz

}︃
.

Proof. The proofs of Theorem 2.1 and 2.2 have been succintly detailed in Duru et al. (2024) showing
that the model is well-posed epidemioogically and hence can be analyzed.
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Table 1: Description of Variables and Parameters

Variables Description
Sh Susceptible human population
Shu Unvaccinated humans for Malaria
Shv Vaccinated humans for Malaria
Ehm Exposed humans to Malaria only
Ehz Exposed humans to Zika virus only
Ehmz Exposed humans to Malaria and Zika
Ihm Infectious humans with Malaria only
IhmT Infectious humans with Malaria only undergoing treatment
IhmU Infectious humans with Malaria not undergoing treatment
IhzS Symptomatic infectious humans with Zika
IhzA Asymptomatic infectious humans with Zika
IhzT Infectious humans with Zika only undergoing treatment
Ihmz Co-infectious humans with Malaria and Zika
IhmzT Co-infectious humans with both Malaria and Zika undergoing treatment
IhmzU Co-infectious humans with both Malaria and Zika not undergoing treatment
Rh Recovered humans from both diseases
Smv Susceptible Anopheles mosquito population
Emv Exposed Anopheles mosquito population
Imv Infectious Anopheles mosquito population
Szv Susceptible Aedes mosquito population
Ezv Exposed Aedes mosquito population
Izv Infectious Aedes mosquito population

Parameters Description
Λh Level of recruitment of humans into susceptible population

Λmv Level of recruitment of Anopheles mosquitoes
Λzv Level of recruitment of Aedes mosquitoes
φ Rate at which vaccinated humans loses immunity
θ Rate of loss of immunity to Malaria from recovered class
ρ1 Proportion of the susceptible humans that rejects vaccination
ρ2 Proportion of the susceptible humans that accepts vaccination
τ1 Natural death rate of humans
τ2 Rate of death due to Malaria
τ3 Rate of death due to Zika disease
τ4 Rate of death due to co-infection
α1 Contact rate of Anopheles mosquitoes with humans
α2 Contact rate of Aedes mosquitoes with humans
β1 Probability of transmission of malaria from infectious mosquitoes to unvaccinated humans
β2 Probability of transmission of malaria from infectious mosquitoes to vaccinated humans
β3 Probability of transmission of malaria from infectious humans to mosquitoes
β4 Probability of transmission of malaria from humans undergoing treatment to mosquitoes
β5 Probability of transmission of malaria from humans not undergoing treatment to mosquitoes
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β6 Probability of transmission of malaria from co-infectious humans
to mosquitoes

β7 Probability of transmission of malaria from co-infectious humans undergoing treatment
to mosquitoes

β8 Probability of transmission of malaria from co-infectious humans not undergoing treatment
to mosquitoes

η1 Probability of transmission of zika virus from infectious mosquitoes to humans
η2 Probability of transmission of zika virus from symptomatic humans to mosquitoes
η3 Probability of transmission of zika virus from asymptomatic humans to mosquitoes
η4 Probability of transmission of zika virus from humans undergoing treatment to mosquitoes
η5 Probability of transmission of zika virus from co-infectious humans to mosquitoes
η6 Probability of transmission of zika virus from co-infectious humans undergoing treatment

to mosquitoes
η7 Probability of transmission of zika virus from co-infectious humans not undergoing treatment

to mosquitoes
δ1 Rate at which exposed humans with Malaria parasite become infectious with Malaria
δ2 Rate at which exposed humans with Zika virus become infectious with Zika disease
δ3 Rate at which co-infected humans become infectious with both diseases
ε1 Rate at which infectious humans with Malaria accepts to be treated
ε2 Rate at which infectious humans with Malaria refuse to be treated
σ1 Rate at which co-infectious humans accept to be treated
σ2 Rate at which co-infectious humans refuse to be treated
χ1 Proportion of infectious humans with Zika that are symptomatic
χ2 Proportion of infectious humans with Zika that are asymptomatic
ϕ1 Proportion of infectious humans with Malaria not undergoing treatment that loses

their infectiousness
ϕ2 Proportion of co-infectious humans not undergoing treatment that loses their Malaria infectiousness
γ1 Rate of recovery of infectious humans with Malaria undergoing treatment
γ2 Rate of recovery of co-infectious humans with Malaria and Zika virus disease undergoing treatment
ω1 Rate of recovery of symptomatic infectious humans with Zika virus not undergoing treatment
ω2 Rate of recovery of infectious humans with Zika virus undergoing treatment
ω3 Rate of natural recovery of asymptomatic humans with Zika virus
ψ Rate at which symptomatic infectious humans with Zika accepts to be treated
κ1 Rate of reduction of Anopheles mosquitoes
κ2 Rate of reduction of Aedes mosquitoes
µm Natural death rate of Anopheles mosquitoes
µz Natural death rate of Aedes mosquitoes
ν1 Rate of development of Infectiousness of Malaria parasite in Anopheles mosquitoes
ν2 Rate of development of Infectiousness of Zika virus in Aedes mosquitoes

MSIT Population of Sterile males to control Anopheles population
ZSIT Population of Sterile males to control Aedes population
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2.2 The disease reproduction number
The disease-free equilibrium (DFE) point of the model is the steady state solution of (1) where there
is no malaria infection, zika virus infection nor coinfection in the human and mosquito populations.
It is denoted by E0 and given as

E0 =
(︃

Λh

ρ1 + ρ2 + τ1
,

ρ1Λh

τ1(ρ1 + ρ2 + τ1) ,
ρ2Λh

τ1(ρ1 + ρ2 + τ1) , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
Λmv

µm
, 0, 0, Λzv

µz
, 0, 0

)︃
,

The control reproduction number is defined as the average number of new cases of an infection
caused by one typical infectious malaria, zika virus or coinfectious human or mosquito in a population
consisting of susceptibles only (Ajao et al., 2023; Musa et al., 2023; Omede et al., 2023). The control
reproduction number which corresponds to the dominant eigenvalue of FV −1 denoted in Duru et al.
(2024) by Rmz is given by

Rmz = max(Rm, Rz). (2)

where

Rm =
(︃
ν1δ1A1(A2B4B3 +A3ε1B4 +A4ε2B3)

µmB3B5(B1B2B4 − ε2δ1ϕ1)

)︃1
2

and

Rz =
(︃
C1ν2δ2(C2χ1D3D4 + C3χ2D2D4 + C4χ1ψD3)

µzD1D2D3D4D5

)︃1
2 ,

A1 = α1Λh(β1ρ1 + β2φρ2)
τ1(ρ1 + ρ2 + τ1) , A2 = α1β3Λmv

µm
, A3 = α1β4Λmv

µm
, A4 = α1β5Λmv

µm
, A5 = α1β6Λmv

µm
,

A6 = α1β7Λmv
µm

, A7 = α1β8Λmv
µm

, B1 = δ1+τ1, B2 = τ1+τ2+ε1+ε2, B3 = γ1+τ1+τ2, B4 = ϕ1+τ1+τ2,

B5 = ν1 +µ,B6 = δ3 + τ1, B7 = τ1 + τ4 +σ1 +σ2, B8 = τ1 + τ4 +ω2, B9 = τ1 + τ4 +ϕ2, C1 = α2η1Λh
τ1

,

C2 = α2η2Λzv
µz

, C3 = α2η3Λzv
µz

, C4 = α2η4Λzv
µz

, C5 = α2η5Λzv
µz

, C6 = α2η6Λzv
µz

, C7 = α2η7Λzv
µz

,

D1 = (χ1 + χ2)δ2 + τ1, D2 = τ1 + τ3 + ψ + ω1, D3 = τ1 + τ3 + ω3, D4 = τ1 + τ3 + ω2, D5 = ν2 + µ.
The control reproduction number was obtained using the Next-generation matrix approach. Rm is
the average number of humans and Anopheles mosquitoes that can be infected by one infectious
humans or mosquito with malaria in a population of susceptible humans or mosquitoes. Similarly,
Rz is the average number of humans and Aedes mosquitoes that can be infected by one infectious
humans or mosquito with zika virus in a population of susceptible humans or mosquitoes.

3 Stability Analysis of the disease-free equilibrium

3.1 Local stability of the disease-free equilibrium

Theorem 3. The DFE is locally asymptotically stable if Rmz < 1 and unstable if otherwise.

Proof. See (Duru et al., 2024).
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3.2 Global stability of the disease-free equilibrium

Theorem 4. Consider the system of differential equations

dX

dt
= F1(X, 0). (3)

dY

dt
= F2(X,Y ), F2(X, 0) = 0. (4)

where (3) is the system of differential equations, satisfied by non-disease classes such that X =
(Sh, Shu, Shv,
Rh, Smv, Szv) and (4) is the system of differential equations satisfied by the disease classes so that
Y = (Ehm, Ehz, Ehmz, Ihm, IhmT , IhmU , IhzS , IhzA, IhzT , Ihmz, IhmzT ,IhmzU , Emv, Imv, Ezv, Izv). The
CFE, E0 is GAS if (3) is GAS, and if in (4), BX2 − F2(X,Y ) ≥ 0, where B is the Jacobian matrix
of F2(X,Y ), evaluated at E0.

Theorem 4 was adapted from Castillo-Chavez and Song (2004).

Proof. See See (Duru et al., 2024).

3.3 Coinfection endemic equilibrium point of the system

Coinfection Endemic equilibrium points (CEEP) are steady-state solutions in the population where
malaria and zika virus disease persist, that is, where all state variables are positive. The endemic
equilibrium points denoted in this work by E∗ is gotten by changing all state variables to have
the index ‘*’, set each equation in the model to zero and find an expression for the state variables
(Lutera et al., 2018; Mahato and Mishra, 201).

Theorem 5. The positive endemic equilibrium exists and is unique if and only if Rmz > 1.

Proof. To show the existence of the co-infection endemic equilibrium, the approach by (Massawe et
al., 2015; Mpande et al., 2015) is adopted. Summing all the equations of the model at the endemic
equilibrium gives

Λh − τ1(S∗
h + S∗

hu + S∗
hv + E∗

hm + E∗
hz + E∗

hmz + I∗
hm + I∗

hm + I∗
hmT + I∗

hmU + I∗
hzS + I∗

hzA

+ I∗
hzT + I∗

hmz + I∗
hmzT + I∗

hmzU +R∗
h) − τ2(I∗

hm + I∗
hmT + I∗

hmU ) − τ3(I∗
hzS + I∗

hzA + I∗
hzT )

− τ4(I∗
hmz + I∗

hmzT + I∗
hmzU ) + Λmv − µm(S∗

mv + E∗
mv + I∗

mv) − κ1MSITS
∗
mv + Λzv

− µz(S∗
zv + E∗

zv + I∗
zv) − κ2ZSITS

∗
zv = 0

Simplifying further, we have

Λh − τ1N
∗
h − τ2(I∗

hm + I∗
hmT + I∗

hmU ) − τ3(I∗
hzS + I∗

hzA + I∗
hzT ) − τ4(I∗

hmz + I∗
hmzT + I∗

hmzU )

+ Λmv − µmN
∗
mv − κ1MSITS

∗
mv + Λzv − µzN

∗
zv − κ2ZSITS

∗
zv = 0 (5)
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The result (5) can be rearranged to obtain

Λh + Λmv + Λzv = τ1N
∗
h + τ2(I∗

hm + I∗
hmT + I∗

hmU ) + τ3(I∗
hzS + I∗

hzA + I∗
hzT )

+ τ4(I∗
hmz + I∗

hmzT + I∗
hmzU ) + µmN

∗
mv + κ1MSITS

∗
mv + µzN

∗
zv + κ2ZSITS

∗
zv

Since Λh + Λmv + Λzv > 0, τ1 > 0, τ2 > 0, τ3 > 0, τ4 > 0, µm > 0, µz > 0, κ1 > 0, and κ2 > 0
then, τ1N

∗
h > 0, µmN

∗
mv > 0 , τ2(I∗

hm + I∗
hmT + I∗

hmU ) > 0, τ3(I∗
hzS + I∗

hzA + I∗
hzT ) > 0,

τ4(I∗
hmz + I∗

hmzT + I∗
hmzU ) > 0, and µzN

∗
zv > 0.

This implies that at least one malaria infectious state, one zika infectious state and one coinfectious
state exist. Since the existence of I∗

hmU and I∗
hmT are dependent on I∗

hm, then it guarantees that if
τ2(I∗

hm + I∗
hmT + I∗

hmU ) > 0 then, I∗
hm > 0. Similarly, the same results holds for I∗

hzS , I
∗
hzA and I∗

hmz.

Thus, at the co-infection endemic equilibrium, I∗
hm > 0, I∗

hzS > 0, I∗
hzA > 0, I∗

hmz > 0.

3.4 Bifurcation analysis

In this subsection, we conducted bifurcation analysis to check if the co-infection endemic equilibrium
is locally asymptotically stable or not and obtain some conditions for the existence of forward or
backward bifurcation in the system. The method of Castillo-Chavez and Song (2004) based on the
Center Manifold Theorem is employed.

Theorem 6. Given a system of ordinary differential equation with a bifurcation parameter ψ;

x
′(t) = f(x, ψ), f : Rn × R, f ∈ C2(Rn × R). (6)

Let J = ∂fk(0,0)
dxj

be the Jacobian matrix of f(x, ψ) evaluated at (0, 0), where x = 0 is the equilibrium
point of the system. Assuming the following hold;

1. zero is a simple eigenvalue of the Jacobian matrix, and all other eigenvalues of J have negative
real part.

2. J has a nonnegative right eigenvector w and a left eigenvector v corresponding to the zero
eigenvalue.

Let fk(x, ψ) denote the kth component of f(x, ψ) and

q =
n∑︂
k,i,j

vkwiwj
∂2fk(0, 0)
∂xi∂xj

, r =
n∑︂
k,i

vkwi
∂2fk(0, 0)
∂xi∂ψ

then

1. If q > 0, r > 0, then when ψ < 0 with |ψ| ≪ 1, x = 0 is locally asymptotically stable and ∃ a
positive unstable equilibrium; and when 0 < |ψ| ≪ 1, x = 0 is unstable, and ∃ a negative and
locally asymptotically stable equilibrium.
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2. If q < 0, r < 0, then when ψ < 0 with |ψ| ≪ 1, x = 0 is unstable; and when 0 < |ψ| ≪ 1, x = 0
is locally asymptotically stable and ∃ a positive unstable equilibrium.

3. If q > 0, r < 0, when ψ < 0 with |ψ| ≪ 1, x = 0 is unstable and ∃ a locally asymptotically
stable negative equilibrium; and when 0 < |ψ| ≪ 1, x = 0 is stable and a positive unstable
equilibrium appears.

4. If q < 0 and r > 0, when ψ changes from negative to positive, x = 0 changes from stable
to unstable. correspondingly, a negative unstable equilibrium becomes positive and locally
asymptotically stable.

Particularly, if q < 0 and r > 0, then a forward bifurcation occurs at ψ = 0 and if q > 0, r > 0,
a backward bifurcation occurs at ψ = 0.

Proof. To perform the bifurcation analysis on the co-infection model, we will have two case scenario
since the co-infection reproduction number, Rmz = max(Rm, Rz). Hence, we need to consider a
situation where Rm is the maximum and thus the co-infection reproduction number and when Rz is
the co-infection reproduction number.
Case 1: Let Rm be the coinfection reproduction number and let our state variables be represented
thus; Sh = x1, Shu = x2, Shv = x3, Ehm = x4, Ehz = x5, Ehmz = x6, Ihm = x7, IhmT = x8, IhmU =
x9, IhzS = x10, IhzA = x11, IhzT = x12, Ihmz = x13, IhmzT = x14, IhmzU = x15, Rh = x16, Smv =
x17, Emv = x18, Imv = x19, Szv = x20, Ezv = x21, Izv = x22,MSIT = x23 and ZSIT = x24.

If we choose β3 as the bifurcation parameter, then Rm = 1 implies that

β3 = β∗
3 = µ2

mB3B5(B1B2B4 − ϵ2ϕ1δ1) −A1ν1δ1(A3ϵ1B4 +A4ϵ2B3)µm
α1ΛmvA1ν1δ1B3B4

,

Let J(E0, β∗
3) be the Jacobian matrix of f(x, β∗

3) at the coinfection-free equilibrium E0 where β3

is now replaced with β∗
3 which is the bifurcation parameter. The matrix J(E0, β∗

3) possesses one
zero eigenvalue, while the remaining eigenvalues have negative real part. Therefore, J(E0, β∗

3) is
non-hyperbolic, and we can apply the center manifold theorem to analyze the dynamics of the model
around the bifurcation parameter value β∗

3 . The right and left eigenvectors corresponding to the
zero eigenvalues satisfying the systems is given by J(E0, β∗

3)w̄ = 0 and v̄J(E0, β∗
3) = 0, respectively.

Case 2: Let Rz be the coinfection reproduction number and let our state variables be represented
as in case 1. If we choose η2 as the bifurcation parameter, then Rz = 1 implies that

η=η
∗
2 = µ2

zD1D2D3D4D5 − C1ν2δ2(C3χ2D2D4 + C4χ1ψD3)µz
α2ΛzvC1ν2δ2χ1D3D4

,

Let J(E0, η∗
2) be the Jacobian matrix of f(x, η∗

2) at the coinfection-free equilibrium E0
1 where η2

is now replaced with η∗
2 which is the bifurcation parameter. The matrix J(E0, η∗

2) possesses one
zero eigenvalue, while the remaining eigenvalues have negative real part. Therefore, J(E0, η∗

2) is
non-hyperbolic, and we can apply the center manifold theorem to analyze the dynamics of the
model around the bifurcation parameter value η∗

2.
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The right and left eigenvectors corresponding to the zero eigenvalues satisfying the systems
J(E0, η∗

2)w̄ = 0 and v̄J(E0, η∗
2) = 0, respectively is the same as used in case one.

The Jacobian matrix J(E0, η∗
2) and J(E0) are the same, only that in C2, η2 is replaced with η∗

2.
For case one, using the Jacobian matrix, J(E0, β∗

3) and the vector w̄ = (w1, w2, w3, w4,
w5, w6, w7, w8, w9, w10, w11,
w12, w13, w14, w15, w16, w17, w18, w19, w20.w21 and w22), then J(E0, β∗

3)w̄ will give

J(E0, β∗
3 )w̄ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−A8w1 + θw16

ρ1w1 − τ1w2 −A9w19 −A10w22

ρ2w1 − τ1w3 − C8w19 − C9w22

−B1w4 + ϕ1w9 + ϕ2w15 +A1w19

−D1w5 + C1w22

−B6w6

δ1w4 −B2w7

ϵ1w7 −B3w8

ϵ2w7 −B4w9

D6w5 −D2w10

D7w5 −D3w11

ψw10 −D4w12

δ3w6 −B7w13

σ1w13 −B8w14

σ2w13 −B9w15

γ1w8 + ω1w10 + ω2w11 + ω3w12 + γ2w14 −D8w16

−A∗
2w7 −A3w8 −A4w9 −A5w13 −A6w14 −A7w15 − µmw17

A∗
2w7 +A3w8 +A4w9 +A5w13 +A6w14 +A7w15 −B5w18

ν1w18 − µmw19

−C2w10 − C3w11 − C4w12 − C5w13 − C6w14 − C7w15 − µzw20

C2w10 + C3w11 + C4w12 + C5w13 + C6w14 + C7w15 −D5w21

ν2w21 − µzw22

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0.

From the result of the product J(E0, β∗
3)w̄, we will take w5 = w7 = 1 > 0 so that the other terms

can be easily obtained in terms of w5 as follows;

w6 = w13 = w14 = w15 = 0

w1 = θ[D2D3D4γ1ϵ1w7 +B3D3ω1D4D6w5 +B3D2D4ω2D7w5 +B3D3ω3ψD6w5]
A8B2D2D3D4D8

,

w2 = ρ1θ[D2D3D4γ1ϵ1w7 +B3D3ω1D4D6w5 +B3D2D4ω2D7w5 +B3D3ω3ψD6w5]
τ1A8B2D2D3D4D8

− A9ν1[A2B3B4 +A3ϵ1B4 +A4ϵ2B3]w7
τ1µmB3B4B5

− A10D1w5
τ1C1

w3 = ρ2θ[D2D3D4γ1ϵ1w7 +B3D3ω1D4D6w5 +B3D2D4ω2D7w5 +B3D3ω3ψD6w5]
τ1A8B2D2D3D4D8

− C8ν1[A2B3B4 +A3ϵ1B4 +A4ϵ2B3]w7
τ1µmB3B4B5

− C9D1w5
τ1C1
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w4 = B2w7
δ1

, w8 = ϵ1w7
B3

, w9 = ϵ2w7
B4

, w10 = D6w5
D2

, w11 = D7w5
D3

, w12 = ψD6w5
D2D4

w16 = D2D3D4γ1ϵ1w7 +B3D3ω1D4D6w5 +B3D2D4ω2D7w5 +B3D3ω3ψD6w5
B2D2D3D4D8

,

w17 = −[A2B3B4 +A3ϵ1B4 +A4ϵ2B3]w7
µmB3B4

, w18 = [A2B3B4 +A3ϵ1B4 +A4ϵ2B3]w7
B3B4B5

,

w19 = ν1[A2B3B4 +A3ϵ1B4 +A4ϵ2B3]w7
µmB3B4B5

, w20 = −[C2D3D4D6 + C3D2D4D7 + C4ψD3D6]w5
µzD2D3D4

,

w21 = µzD1w5
C1ν2

, w22 = D1w5
C1

.

Likewise, the left eigenvectors corresponding to v̄J(E0, β∗
3) now becomes;

v̄J(E0, β∗
3 ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−v1A8 + v2ρ1 + v3ρ2

−v2τ1

−v3τ1

−v4B1 + v7δ1

−v5D5 + v10D6 + v11D7

−v6B6 + v13δ3

−v7B2 + v8ϵ1 + v9ϵ2 − v17A
∗
2 + v18A

∗
2

−v8B3 + v16γ1 − v17A3 + v18A3

v4ϕ1 − v9B4 − v17A4 + v18A4

−v10D2 + v12ψ + v16ω1 − v20C2 + v21C2

−v11D3 + v16ω3 − v20C3 + v21C3

−v12D4 + v16ω2 − v20C4 + v21C4

−v13B7 + v14σ1 + v15σ2 − v17A5 + v18A5 − v20C5 + v21C5

−v14B8 + v16γ2 − v17A6 + v18A6 − v20C6 + v21C6

−v15B9 − v17A7 + v18A7 − v20C7 + v21C7

v1θ − v16B8

−v17µm

−v18B5 + v19ν1

−v2a2 − v3a3 + v4A1 − v19µm

−v20µz

−v21D5 + v22ν2

−v2c1 − v3c2 + v5C1 − v22µz

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0.

Taking v4 = v5 > 0, we will have the following v1 = v2 = v3 = v16 = v17 = v20 = 0,
v6 = A1B9D5ν1µzv4δ3[A6σ1 +A7σ2] + [A1A5D5ν1µzv4 + C1C5B5ν2µmv5]B8B9δ3

µmµzB5B6B7B8B9D5
,

v7 = v4B1
δ1

, v8 = v4A1A3ν1
µmγ1B5

, v9 = (A1A4ν1 + µmB5ϕ1)v4
µmB4B5

, v10 = ν2C1(C4ψ + C2D4)v5
µzD2D4D5

,

v11 = v5C1C3ν2
µzD3D5

, v12 = v5C1C4ν2
µzD4D5

,

v13 = A1B9D5ν1µzv4[A6σ1 +A7σ2] + [A1A5D5ν1µzv4 + C1C5B5ν2µmv5]B8B9
µmµzB5B7B8B9D5

,

v14 = v4A1A6ν1
µmB5B8

+ v5C1C6ν2
µzD5B8

, v15 = v4A1A7ν1
µmB5B9

+ v5C1C7ν2
µzD5B9

, v18 = v4A1ν1
µmB5

,

v19 = v4A1
µm

, v21 = v5C1ν2
µzD5

, v22 = v5C1
µz

.
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Also, let

f(X(t)) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f1

f2

f3

f4

f5

f6

f7

f8

f9

f10

f11

f12

f13

f14

f15

f16

f17

f18

f19

f20

f21

f22

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Λh + θx8 − (ρ1 + ρ2 + τ1)x1

ρ1x1 − (α1β1x19 + α2η1x22 + τ1)x2

ρ2x1 − (α1β2x19Φ + α2η1x22 + τ1)x3

α1β1x19x2 + α1β2x19Φx3 + ϕ1x9 + ϕ2x15 − α2η1x22x4 − (δ1 + τ1)x4

α2η1x22(x2 + x3) − α1β1x19x5 − ((χ1 + χ2)δ2 + τ1)x5

α1β1x19x5 + α2η1x22x4 − (δ3 + τ1)x6

δ1x4 − α2η1x22x7 − (τ1 + τ2 + ϵ1 + ϵ2)x7

ϵ1x7 − (γ1 + τ1 + τ2)x8

ϵ2x7 − (ϕ1 + τ1 + τ2)x9

δ2χ1x5 − α1β1x19x10 − (τ1 + τ3 + ψ + ω1)x10

δ2χ2x5 − α1β1x19x11 − (τ1 + τ3 + ω3)x11

ψx10 − (τ1 + τ3 + ω2)x12

α1β1x19(x10 + x11) + α2η1x22x7 + δ3x6 − (τ1 + τ4 + σ1 + σ2)x13

σ1x13 − (τ1 + τ4 + γ2)x14

σ2x13 − (τ1 + τ4 + ϕ2)x15

γ1x8 + γ2x14 + ω1x10 + ω2x12 + ω3x11 − (τ1 + θ)x16

Λmv − α1(β3x7 + β4x8 + β5x9 + β6x13 + β7x14 + β8x15)x17 − (κ1x23 + µm)x17

α1(β3x7 + β4x8 + β5x9 + β6x13 + β7x14 + β8x15)x17 − (ν1 + µm)x18

ν1x18 − µmx19

Λzv − α2(η2x10 + η3x11 + η4x12 + η5x13 + η6x14 + η7x15)x20 − (κ2x24 + µz)x20

α2(η2x10 + η3x11 + η4x12 + η5x13 + η6x14 + η7x15)x20 − (ν2 + µz)x21

ν2x21 − µzx22

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

From Castillo-Chavez and Song [9] theorem on bifurcation analysis using the Center Manifold
theorem, we require some second partial derivatives of the f ′

is with respect to the x′
is for i =

1, 2, 3, ..., 22. From f(X), we can only obtain second partial derivatives which are not zeroes from
f2, f3, f4, f5, f6, f7, f10, f11, f13, f17,

f18, f20 and f21. Therefore, expanding q and r in terms of v̄, the left-eigenvectors and w̄, the
right-eigenvectors with the associated derivatives of f , we will have

q =
n∑︂
k,i,j

vkwiwj
∂2fk(0, 0)
∂xi∂xj

= 2w19α1β1[v4w2 + v6w5 + v13w10 + v13w11 − v5w5 − v10w10 − v11w11]

+ 2v4w3w19α1β2Φ + 2w22α2η1[v5w2 + v5w3 + v6w4 + v13w7 − v4w4 − v7w7] + 2v18w7w17α1β3

+ 2v18w8w17α1β4 + 2v18w9w17α1β5 + 2v21w10w20α2η2 + 2v21w11w20α2η3 + 2v21w12w20α2η4,

and

r =
n∑︂
k,i

vkwi
∂2fk(0, 0)
∂xi∂ψ

= v18w7α1x17 + v18w17α1x7

= v4w7α1[B4A1ν1δ1x17 −B5(B1B2B4 − ϵ2δ1ϕ1)R2
0mx7]

µmB4B5δ1
.

The endemic equilibrium of the coinfection model will be locally asymptotically stable if q < 0 and
r > 0. In this case, a forward bifurcation occurs. But, if otherwise then backward bifurcation occurs
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and the endemic equilibrium will not be locally asymptotically stable. In the analysis, we saw that
the values of both the left and right-eigenvectors, v̄ and w̄ could not be determined except assuming
that two left eigenvectors (v4, v5) or two right-eigenvectors, (w5, w7) are positive and then obtain
others in terms of them. This is an indication also that the model may not have a unique endemic
equilibrium.
For case 2, the product of the Jacobian matrix J(E0, η∗

2) with the right and left-eigenvectors will
yield similar results as in case one since the only change required is to substitute η2 with η∗

2 in C2

and obtain r =
∑︁n
k,i vkwi

∂2fk(0, 0)
∂xi∂η∗

2
.

In this case, the equation for r becomes

r = v21w10
∂2f21(0, 0)
∂x10∂η∗

2
+ v21w20

∂2f21(0, 0)
∂x20∂η∗

2
= α2w5v5[C1D6ν2x20 −D2D5x10R

2
0z]

µzD2D5
.

The endemic equilibrium of the co-infection model in this case will be locally asymptotically stable
if q < 0 and r > 0. The parameter r > 0 if C1D6ν2x20 > D2D5x10R

2
0z. Hence, the occurence of

backward bifurcation or not depends on the signs of q and r as shown above.

3.5 Global stability of the coinfection endemic equilibrium

The global stability of the coinfection endemic equilibrium is ascertained by means of Lyapunov
function as demonstrated in the works of Mpande et al. (2015) and Ozioko et al. (2024).
Consider the Lyapunov function

V = 1
2X̄

2, (7)

where X̄ = (Sh + Shu + Shv + Ehm + Ehz + Emz + Ihm + IhmT + IhmU + IhzS + IhzA + IhzT +
Ihmz + IhmzT + IhmzU +Rh + Smv + Emv + Imv + Szv + Ezv + Izv).
Then,

dV
dt

= X̄ ˙̄X, (8)

where ˙̄X = (Ṡh + ˙Shu + ˙Shv + Ėhm + Ėhz + Ėhmz + İhm + İhmT + İhmU + İhzS + İhzA + İhzT +
İhmz + İhmzT + İhmzU + Ṙh + Ṡmv + Ėmv + İmv + Ṡzv + Ėzv + İzv).
Equation (8) becomes

dV
dt

= X̄(Λh − τ1(Sh + Shu + Shv + Ehm + Ehz + Ehmz + Ihm + Ihm + IhmT + IhmU + IhzS

+ IhzA + IhzT + Ihmz + IhmzT + IhmzU +Rh) − τ2(Ihm + IhmT + IhmU )

− τ3(IhzS + IhzA + IhzT ) − τ4(Ihmz + IhmzT + IhmzU ) + Λmv − µm(Smv + Emv + Imv)

− κ1MSITSmv + Λmv − µz(Szv + Ezv + Izv) − κ2ZSITSzv)

= X̄(Λh − τ1Nh − τ2(Ihm + IhmT + IhmU ) − τ3(IhzS + IhzA + IhzT )

− τ4(Ihmz + IhmzT + IhmzU ) + Λmv − µmNmv − κ1MSITSmv + Λmv − µzNzv − κ2ZSITSzv)
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Clearly, 0 ≤ Nh ≤ Λh
τ1

, 0 ≤ Nmv ≤ Λmv
µm

and 0 ≤ Nzv ≤ Λzv
µz

as shown in section 4.1.3, which
means that τ1Nh ≤ Λh, µmNmv ≤ Λmv and µzNzv ≤ Λzv. Using τ1Nh = Λh, µmNmv = Λmv and
µzNzv = Λzv, then

dV
dt

= −(τ2(Ihm + IhmT + IhmU ) + τ3(IhzS + IhzA + IhzT ) + τ4(Ihmz + IhmzT + IhmzU )

+ κ1MSITSmv + κ2ZSITSzv)X̄ < 0

This shows that the co-infection endemic endemic equilibrium point is globally asymptotically stable
since dV

dt
< 0. The global stability of the endemic equilibrium indicates that the co-infection will

persist in the system at a stable level irrespective of the size of the initial infected populations.
It also means that the number of infected humans with malaria and zika can never be zero. It
also means that the system will converge to the co-infection endemic equilibrium point with time
irrespective of the initial conditions.

4 Results and Discussion

In this section, we investigate the effects of the various controls employed in the system on the
populations studied. The effects of the individual controls as well as when they are combined are
analyzed. The simulation is shown in Figures 2–12.

Table 2: Parameters, Values and Sources

Parameters Values Sources Parameters Values Sources
Λh 100 Assumed β3 0.0044 Fatmawati et al. (2021)

Λmv 100 Assumed β4 0.0022 Assumed
Λzv 100 Assumed β5 0.0044 Collins and Duffy (2022)
Φ 0.0125 Duru et al. (2024) β6 0.0022 Assumed
θ 0.0146 Onah et al. (2019) β7 0.0044 Assumed
ρ1 0.65 Duru et al. (2024) β8 0.0022 Assumed
ρ2 0.28 Duru et al. (2024) ω1 0.1429 Andayani et al. (2019)
γ1 0.25 Onah et al. (2019) ω2 0.1667 Lamwong and Pongsumpun (2018)
γ2 0.111 Duru et al. (2024) ω3 0.118 Dantas et al. (2017)
τ3 0.0003 Duru et al. (2024) χ1 0.31 Assumed
τ4 0.0006454 Duru et al. (2024) χ2 0.62 Assumed
ϕ1 0.13 Assumed α1 0.4 Onah et al. (2019)
α2 0.1 Assumed β1 0.034 Amaoh-Mensah et al. (2018)
ϕ2 0.1 Assumed τ1 0.00004 Bonyah and Okosun (2016)
β2 0.013 Anyanwu et al. (2021) τ2 0.00032338 Nwankwo and Okuonghae (2019)
η1 0.0009 Lamwong and Pongsumpun (2018) η2 0.07 Lamwong and Pongsumpun (2018)
η3 0.07 Lamwong and Pongsumpun (2018) η4 0.05 Assumed
η5 0.03 Assuned η6 0.02 Assumed
η7 0.03 Assumed ψ 0.85 Andayani et al. (2019)
ϵ1 0.62 Duru et al. (2024) ϵ2 0.31 Assumed
σ1 0.72 Duru et al. (2024) σ2 0.18 Duru et al. (2024)
κ1 0.25 Duru et al. (2024) κ2 0.25 Duru et al. (2024)
ν1 0.1 Onah et al. (2019) δ1 0.0833 Duru et al. (2024)
ν2 0.1 Anyanwu et al. (2021) δ2 0.125 Andayani et al. (2019)

MSIT 500 Assumed δ3 0.0833 Duru et al. (2024)
Z∗

SIT 500 Assumed µm 0.0556 Lamwong and Pongsumpun (2018)
µz 0.0556 Lamwong and Pongsumpun (2018)
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4.1 Effects of treatment

The effect of employing treatment only is shown in Figure 2. Here, the populations of the coinfectious
humans with both diseases reduced with treatment as compared to when there was no treatment.
This shows that employing treatment of infectious persons is critical in the control of infectious

Figure 2: (i) Coinfectious humans (ii) Recovered humans under treatment

diseases. As the infectious classes are treated, the population of recovered humans increases as
shown in Figure 3(ii). The increase is because treatment increases the rate of recovery and reduces
the time spent in the infectious class.

4.2 Effects of vaccination

The effect of vaccination is shown in Figures 3. In this Figure, vaccination was seen to reduce the
population of susceptible humans as shown in Figure 3(i).

Figure 3: (i) Susceptible humans (ii) Coinfectious humans

This is because vaccination protects more humans from malaria thus reducing the susceptible
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population of humans. The population of coinfectious humans (Figure 3(ii)) also reduced as more
people are protected from malaria by vaccination.

4.3 Effects of SIT

The effects of employing only sterile insect technique are shown in Figures 4. In this Figure, the
infectious mosquito populations were reduced under the application of SIT. The reduction in the
population of the mosquitoes reducing the number of possible contacts and infection with humans.
This underlines how powerful sterile insect technology is in controlling the malaria and zika virus
disease.

Figure 4: Infectious Anopheles and Infectious Aedes mosquitoes

4.4 Effects of treatment and vaccination only

The effects of treatment and vaccination in the system are shown in Figures 5 – 6. In these Figures,
vaccination and treatment were seen to reduce the population coinfectious human significantly but
the mosquito population reduced slightly. The slight reduction in the mosquito population was
because the control measures employed here were not directly on the mosquito population hence
does not affect the population of the susceptible mosquitoes.

4.5 Effects of treatment and SIT only

The effects of treatment and SIT are shown in Figures 7–8. Employing treatment and sterile insect
technique as a control measure reduce coinfectious population significantly as well as the infectious
mosquito populations.
The reduction of the infectious mosquitoes is due to the reduction in the susceptible mosquito
population thus reducing the coinfectious human population as the number of mosquitoes that can
infect humans are reduced.
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Figure 5: Coinfectious humans under treatment and vaccination only

Figure 6: Infectious Anopheles and Infectious Aedes mosquitoes

Figure 7: Coinfectious humans under treatment and SIT only
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Figure 8: Infectious Anopheles and Infectious Aedes mosquitoes

4.6 Effects of vaccination and SIT only

The effects of vaccination and SIT are shown in Figures 9 – 10. In these Figures, vaccination and
SIT were seen to reduce the population of coinfectious humans as shown in Figure 9. The population
of the infectious mosquitoes were also reduced in this case showing that SIT and vaccination offers
significant option in reducing the infectious human populations.

Figure 9: Coinfectious humans under vaccination and SIT only

4.7 Effects of treatment, SIT and vaccination

Figures 11 – 12 show the effect of employing the three controls which are treatment, vaccination
and use of SIT to control the vectors. The simulation also showed that the combination of these
three control measures performed relatively better when compared to using only one or two control
measures. In this case, combining the three controls ensured that the three different populations
had a measure employed to help control them. This will ensure rapid and efficient control of the
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Figure 10: Infectious Anopheles and Infectious Aedes mosquitoes

diseases. Hence, we suggest that the three controls should be incorporated simultaneously in the
fight against malaria and zika virus disease. The analyses performed in this work has shown the

Figure 11: Coinfectious humans under treatment, SIT and vaccination

importance of vaccination against infectious diseases such as malaria. It was shown that in the
presence of vaccination in all cases where it was employed in the simulation, the population of
infectious and coinfectious humans reduced drastically. The reduction is because the number of
humans susceptible to the disease was reduced significantly by vaccination. This underlines the
importance of vaccination and the need for health practitioners to keep encouraging people to
embrace vaccination. Efforts should be made to ensure that every barrier against vaccination such
as religious and ethnic sentiments as well as some conspiracy theories are overcome. Also, people
should be educated that refusing to be vaccinated does not only put them at risk but those around
them thereby causing a global health burden. The importance of treatment was equally shown
in this work. Treatment of infectious humans helped significantly to improve the rate of recovery
and reduce the time infectious humans spent being sick. This ensures that there are few infectious
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Figure 12: Infectious Anopheles and Infectious Aedes mosquitoes

humans who can infect the mosquitoes and renew the cycle of the spread of the diseases. Thus
refusing to be treated when sick is not an option that should be entertained. Moreover, as proposed
in Duru et al. (2024), using sterile insect technique as a control measure against the continuous
growth of mosquitoes was shown to be highly successful.

5 Conclusion

In this work, the coinfection model proposed by Duru et al. (2024) was studied to provide more
insight into the dynamics of the coinfection and its control. The model incorporated vaccination,
treatment and sterile insect technique as control measures against the spread of malaria, zika virus
disease and their coinfection. The model was shown to be well-posed epidemiologically by proving
that the solutions to the system are always positive and bounded. Then, the existence of an endemic
equilibrium was also shown and using bifurcation analysis, the conditions for having forward or
backward bifurcation were obtained. Also, the global stability of the coinfection endemic equilibrium
was shown by means of Lyapunov method. Furthermore, numerical simulations were performed to
show the effects of the various controlled adopted in the work. The results showed that each of the
three controls contributed to the reduction of the coinfectious population. This shows that malaria,
zika virus disease and their coinfection will be effectively controlled by ensuring that intervention
efforts should not only be focused on humans nor mosquitoes seperately but simultaneously on
both humans and mosquito population. In future studies, the performance of different incidence
functions can also be employed and compared to the results obtained here. Furthermore, different
controls such as physical and chemical procedures can also be incorporated into the system to see if
better results will be obtained.

Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 101



https://asijournal.org ISSN: 3141-6292 Duru et al. (2026)

6 Acknowledgments

The authors extend their appreciation to the editor and anonymous reviewers for their thorough
review and valuable comments and suggestions, which significantly contributed to enhancing the
quality of the paper.

Conflict of Interest

The authors declare that they have no conflicts of interest.

References

Ajao S., Olopade I., Akinwumi T., Adewale S. and Adesanya A. (2023). Understanding the
Transmission Dynamics and Control of HIV Infection: A Mathematical Model Approach. Journal
of the Nigerian Society of Physical Sciences, 5, 1389.

Amaoh-Mensah J., Dontwi I.K. and Bonyah E. (2018). Stability Analysis of Zika – Malaria Co-
infection Model for Malaria Endemic Region. Journal of Advances in Mathematics and Computer
Science. 26(1):1–22.

Andayani P., Sari L.R., Suryanto A. and Darti I. (2019). Numerical Study for Zika Virus
Transmission with Beddington-Deangelis Incidence Rate. Far East Journal of Mathematical
Sciences, 111, 145.

Anyanwu M.C. and Mbah G.C.E. (2021). Stability Analysis of a Mathematical Model for the Use
of Wolbachia to Stop the Spread of Zika Virus Disease. Biometrical Letters 58(1), 41–57.

Anyanwu M.C., Mbah G.C.E. and Duru E.C. (2020). On Mathematical Model for Zika Virus
Disease Control with Wolbachia-Infected Mosquitoes. Abacus Mathematics Science Series 47,
35-51.

Atokolo W. and Mbah G.C.E. (2020). Modeling the Control of Zika Virus Vector Population
Using the Sterile Insect Technology. Journal of Applied Mathematics, 20, 1–12.

Baba M.M., Ahmed A., Jackson S.Y. and Oderinde B.S. (2023). Cryptic Zika virus infections
unmasked from suspected malaria cases in Northeastern Nigeria". PLoS ONE 18(11), 1–16.

Bonyah E. and Okosun K.O. (2016). Mathematical Modeling of Zika Virus. Asian Pacific Journal
of Tropical Disease, 6(9), 673–679.

Castillo-Chavez C. and Song B. (2004). Dynamical models of tuberculosis and their applications,
Mathematical Biosciences and Engineering. 2, 361–404.

Centre for Disease Control and Protection (2022). Responds to ZIKA. Zika Virus: Information
for Clinicians. [Online article]: cited on 11 Apr 2024 https://www.cdc.gov/zika/pdfs/clinicianppt.

Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 102



https://asijournal.org ISSN: 3141-6292 Duru et al. (2026)

Collins O.C. and Duffy K.J. (2022). A mathematical model for the dynamics and control of
malaria in Nigeria. Infectious Disease Modelling, 7 728.

Dantas E., Tosin M. and Cunha A. (2017). Calibration of a SEIR epidemic model to describe
Zika Virus outbreak in Brazil. [Online]. https://hal.archives-ouvertes.fr/hal-01456776v2.

Duru E.C., Mbah G.C.E., Anyanwu M.C. and Nnamani T.N. (2024). Modelling the co-infection
of malaria and zika virus disease. Journal of Nigerian Society for Physical Sciences 6(1), 1–20.

Eguda Y.F., Andrawus J., Stephen I.M. and Sale A. (2019). Modeling the Spread of Zika Virus
with Vaccination and Vector Reduction as Control Strategies. Dutse Journal Pure and Applied
Sciences 5(2), 273-–284.

Fatmawati F., Herdicho F., Windarto, Chukwu W. and Tasman H. (2021) . An optimal control
of malaria transmission model with mosquito seasonal factor. Results in Physics, 25, 1–21.

Kim J.H. and Song Y.J. (2018). On stability of a polynomial. Journal of Applied Mathematics
and Informatics, 36, 231.

Lamwong J. and Pongsumpun P. (2018). Age Structural Model of Zika Virus. International
Journal of Modelling and Optimization, 8(1), 17–23.

Lutera J., Mbete D. and Wangila S. (2018). Coinfection Model of HIV/AIDS-Pneumonia on the
Effect of Treatment at Initial and Final Stages. IOSR Journal of Agriculture and Veterinary
Science, 11(10), 26–50.

Mac P.A., Kroeger A., Daehne T., Anyaike C., Velayudhan R. and Panning M. (2023). Zika,
Flavivirus and Malaria Antibody Cocirculation in Nigeria. Tropical Medicine and Infectious
Disease 8, 171.

Mahato B. and Mishra B.K. (2018). Global Stability Analysis on the Transmission Dynamics of
Zika Virus. International Journal of Applied Engineering Research, 13(15), 12296–12303.

Massawe L.N., Massawe E.S. and Makinde O.D. (2015). Temporal Model for Dengue Disease
with Treatment. Advances in Infectious Diseases, 5(1), 21–36.

McArdle A.J., Turkova A. and Cunnington A.J. (2018). When do coinfection matter? Current
opinion on infectious diseases, 31, 209–216,.

Mpande L.C., Kajunguri D. and Mpolya E.A. (2015). Modeling and Stability Analysis for Measles
Metapopulation Model with Vaccination. Applied and Computational Mathematics. 4(6), 431–444.

Musa R., Peter O.J. and Oguntolu F.A. (2023). A non-linear differential equation model of
COVID-19 and seasonal influenza co-infection dynamics under vaccination strategy and immunity
waning. Healthcare Analytics. 4, 1–19.

Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 103



https://asijournal.org ISSN: 3141-6292 Duru et al. (2026)

Nwankwo A. and Okuonghae D. (2019). Mathematical assessment of the impact of different micro-
climate conditions on malaria transmission dynamics. Mathematical Biosciences and Engineering
16(3), 1414–1444.

Omede B.I., Peter O.J., Atokolo W., Bolaji B. and Ayoola T.A. (2023). A mathematical analysis
of the two-strain tuberculosis model dynamics with exogenous re-infection. Healthcare Analytics,
4, 1–21.

Onah I.S., Collins O.C., Okoye C. and Mbah G.C.E. (2019). Dynamics and Control Measures for
Malaria using a Mathematical Epidemiology Model. Electronic Journal of Mathematical Analysis
and Application 7(1), 65–73.

Otu A.A., Udoh U.A., Ita O.I., Hicks J.P., Ukpeh I. and Walley J. (2020). Prevalence of Zika and
malaria in patients with fever in secondary healthcare facilities in south-eastern Nigeria. Tropical
Doctor, 50, 1–22.

Ozioko A.L., Nnamani N.T., Nwosu C.N., Fadugba S.E., Malesela K., Aja R.O. and Obiora C.O.
(2024). Quantitative Assessment of targeted testing and antiretroviral therapy integration in
mathematical modeling of HIV/AIDS dynamics. Scientific African, 28, 1–11.

United Nations Nigeria (2023). https://nigeria.un.org/en/sdgs/3

World Health Organization. The History of Zika virus. [Online article]: cited February 17, 2022.
https://www.who.int/news-room/feature-stories/detail/the-history-of-zika-virus, (2016).

World Health Organization (2022). World Malaria Report 2022. Available:
https://www.who.int/topics/malaria/en/ retrieved July 12, 2023.

World Health Organization (2023). World Malaria Report 2023. Available:
https://www.who.int/topics/malaria/en/ retrieved June 12, 2024.

Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 104


	Introduction
	Materials and Methods
	Positivity of solutions and Invariant Region
	The disease reproduction number

	Stability Analysis of the disease-free equilibrium
	Local stability of the disease-free equilibrium
	Global stability of the disease-free equilibrium
	Coinfection endemic equilibrium point of the system
	Bifurcation analysis
	Global stability of the coinfection endemic equilibrium

	Results and Discussion
	Effects of treatment
	Effects of vaccination
	Effects of SIT
	Effects of treatment and vaccination only
	Effects of treatment and SIT only
	Effects of vaccination and SIT only
	Effects of treatment, SIT and vaccination

	Conclusion
	Acknowledgments

