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Abstract

Malaria and zika virus disease are amongst the major causes of health burdens globally and
efforts are still being made to control their spread. Studies have shown that both diseases can
co-circulate in an environment where Anopheles and Aedes mosquitoes coexist. This portrays the
possibility of coinfection of both diseases as studies have also proved. In this work, bifurcation
analysis was carried out on a coinfection model of malaria and zika virus disease. The model
incorporated vaccination against malaria, treatment of infectious humans and use of SIT to control
the population of the vectors. The various equilibrium states obtainable in the system were shown
and analyzed The existence of an endemic equilibrium is shown and conditions were obtained
for the occurrence of backward bifurcation or not. The endemic equilibrium was shown to be
globally asymptotically stable when it exists. Plots were also used to demonstrate the dynamics of
the system. This study highlights the importance of taking into consideration, the occurrence of
coinfection of diseases so that proper diagnosis should be carried out before treatment. It also
shows the role that vaccination, treatment and use of sterile insect technique play in controlling
the spread of malaria, zika virus disease and their coinfection. The study concludes that malaria,
zika virus and their coinfection will be effectively controlled if the intervention measures focuses

on both the human and mosquito populations simultaneously.
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1 Introduction

Malaria is one of the diseases targeted by the United Nations’ Sustainable Development Goals (SDGs)
that should be fully combated by 2030 (United Nations, 2023). It is caused by the Plasmodium
parasite and transmitted to humans through the bites of infectious female Anopheles mosquitoes
(Onah et al., 2019; Nwankwo and Okounghae, 2019). Malaria has remained highly endemic in
Asian and sub-Saharan African countries and still poses a global threat. One of the reasons for
its endemicity in recent times is the increasing nature of drug resistance by the causative parasite
thus highlighting the need for more preventive than controlling measures (WHO, 2022). According
to WHO (2023), the mosquitoes have mutated to resist the effect of insecticides and thus remains
ever-present in their host environment. It is estimated that there are about 247 million cases globally
while the estimated number of deaths due to malaria was 619,000 (WHO, 2022). Tropical regions in
Africa accounted for 92% cases and 93% deaths respectively out of which Nigeria had the highest
with 25% and Uganda lowest with 4%. Symptoms of malaria include infant mortality, morbidity,
headache, fever, shaking chills, bloody stools, jaundice, severe anaemia, profuse sweating, nausea,
muscle pain, diarrhea, vomiting, abdominal pain, fatigue, convulsions, coma, etc (WHO, 2023).
Zika virus disease (ZIKV) on the hand is a flavivirus disease transmitted through the bites of
infectious female Aedes mosquitoes (Atokolo and Mbah, 2020). It can also be transmitted through
sex, blood transfusion or by infectious women to their newborns during pregnancy. It was reported
in 2015 that over 69 countries had (ZIKV) infection through mosquito bites while human-to-human
transmission cases occurred in 13 countries, 29 countries had congenital transmission cases and 20
countries had Guillain-Barre syndrome (GBs) cases (WHO, 2016). The symptoms of ZIKA include
headache, maculopapular rash, fatigue, mild fever, muscle and joint pain, retroorbital pain, oadema,
vomiting, conjunctivitis, lymphadenopathy malaise, arthralgia, sore throat and uveitis (CDC, 2022;
Eguda et al., 2019).

Malaria and zika virus disease are amongst the diseases that can coinfect humans. Others include;
COVID-19 and pneumonia, Hookworm and malaria, Chikungunya and Dengue, Dengue and HIV,
Hepatitis C and HIV, Hepatitis C and D, COVID-19 and flu, Malaria and Zika virus, Ebola and
malaria, Dengue and Zika virus, etc (WHO, 2016; McArdle et al., 2018). Studies have shown that
in any environment where both malaria and ZIKV disease coexist, their coinfection is possible.
Amaoh-Mensah et al. (2018) studied a coinfection model of malaria and zika virus disease where
they showed that both diseases can be controlled by improving their rate of recovery. Otu et al.
(2020) conducted a study on the prevalence of both diseases in hundred (100) patients with fever
in nine (9) secondary healthcare facilities in south-east Nigeria. They tested blood samples of
the patients and found out that 55% of the patients had malaria, 20% had zika infection while
about 15% had the coinfection showing the high probability of the existence of the coinfection of
both diseases. The authors in (Mac et al., 2023) conducted a sero-epidemiological and clinical
studies to help understand the hidden endemicity and disease burden of zika virus, malaria and
other arbovirus in humans. Their study showed the possibility of zika virus, malaria and other

flavivirus co-circulating in Nigeria. Baba et al. (2023) carried out a cryptic study on Zika virus
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infections arising from Malaria suspected cases. They tested 496 patients suspected to be infected
with Malaria from choice health centers in Bauchi, Borno and Adamawa states. They discovered
that 86% of Zika virus patients were found to be co-infected with other arbovirus diseases. Patients
co-infected with Chikungunya (39.3%), dengue fever (60.7%), Yellow fever (7.1%) and West Nile
viruses (23.2%). The authors in Duru et al. (2024) worked on a coinfection model that incorporates
vaccination, treatment and using sterile insect technology to control the vectors. In their work, they
assumed that some humans accepts vaccination against malaria while some refuses and simulated
the scenario to show the dangers of not being vaccinated as the proportion of humans who accepts
vaccination is varied. They also considered cases where infectious humans with malaria, zika virus
disease and their coinfection are treated. It also looked at the effects of refusing treatment by
infectious humans with malaria and coinfectious humans with both diseases on health burdens.
Their work showed that treatment reduces the spread of the diseases in both human and mosquito
populations. The work also considered the effect of using sterile insect technique (SIT) to control
the vectors. Sterile insect technique is a proceedure that involves releasing certain number of sterile
male mosquitoes into a target population so that when the sterile males mate with the females in
the target population, they lay eggs that do not hatch. Duru et al. (2024) simulated the effect
of varying the number of SIT mosquitoes interacting with the females in the wild with time and
showed how successfully SIT can be employed to control the population of mosquitoes and thus the
spread of malaria and zika virus disease. In this study, we will present the existence of endemic
equilibrium, bifurcation analysis and more simulations of the system shown by Duru et al. (2024)

to gain more insight into the dynamics of the coinfection.

2 Materials and Methods

The mathematical model for the coinfection by Duru et al. (2024) has twenty-two (22) compartments
made up of the human and mosquito populations. The human population is divided into sixteen
(16) compartments; Susceptible humans S, Vaccinated humans for malaria Sp,, Unvaccinated
humans for malaria Sy, Exposed humans to malaria E},,, Exposed humans to zika E},, coinfected
humans with both diseases E,,., Infectious humans with malaria [y,,, symptomatic infectious
humans with zika I;,g, asymptomatic infectious humans with zika I}, 4, coinfectious humans with
both diseases I,,., Infectious humans undergoing treatment for malaria Ip,,r, Infectious humans
undergoing treatment for zika Ij,p, coinfectious humans undergoing treatment for both diseases
L., Infectious humans not undergoing treatment for malaria Ip,,;7, coinfectious humans not
undergoing treatment for both disease I,y and Recovered humans Rj. The mosquito population is
subdivided into six (6) compartments; Susceptible Anopheles mosquitoes S, Exposed Anopheles
mosquitoes F,,,, Infectious Anopheles Mosquitoes I,,,,,, Susceptible Aedes mosquitoes S,,, Exposed
Aedes mosquitoes E,, and Infectious Aedes mosquitoes I,,. The details of the transmission dynamics

and theoretical background of the model has been fully discussed in their work. The coinfection
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model of Duru et al. (2024) is given by
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where S, (0) = S, Spu(0) = S%.,, Sho(0) = SP, Epm(0) = EY Ep.(0) = EY, Epmz(0) = B Inm(0) =
I Tz (0) = 19y T (0) = 17 Tnmr (0) = 17075 Tnzs (0) = I g, Tnaa(0) = 17, 45 Inar (0) =
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I/(z)zT’IhmZT(O) = Ii?sz’IhmZU(O) = Ii(z]sz7Rh(O) = Rgvsm ( ) - Sgrw? (0) ng,l (0) =
1°%,,8.,(0) = S°  E.,(0) = E% and I,,(0) = IY, are the initial conditions of the system.
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Figure 1: The flow diagram for the coinfection of malaria and zika virus disease.

2.1 Positivity of solutions and Invariant Region

0 0 0 0
Ihm’ Ihmz’ IhmT’ Ith’

DI I I o I 0 RO, SO ES L I0, SO, EY,) which are all nonnegative at t = 0. Then,

the solution set (Sp(t), Shu(t), Sho(t), Erm(t), Enz(t)y Ermz )y Inm (t), Inmz (), Inmr (8), Inmu (), Ihes (t), Inaa(t),
T (), T (0, Tt (8), R (8)s S (1), B (£), I (), Sa(8), Bz (1), (1)) of the model with the

given initial data will remain positive for all time t > 0.

Theorem 1. Let the initial data set for the model be (S, Shu, S,w, hm, E}?Z, EY

hmz>

Theorem 2. The region, = Qp xQy, XQ, is positively invariant and is an attractor of all possible so-

lutions to the system where Q, = {(Shy Shu, Stws Evmy Brz, Evmzs Inms Ihmzs InTs Inmv s Inzs, Inza, Inz,s
Ay,
Ihsz7Ihsz,Rh) € RH:; : Nh < E}?Qm = {(va7EmU7[mv) € Ri :

e < and

m

AZ'U
QZ = {(SZU7EZU7IZU) S sz_ : NZU S }

z

Proof. The proofs of Theorem 2.1 and 2.2 have been succintly detailed in Duru et al. (2024) showing

that the model is well-posed epidemioogically and hence can be analyzed. O

Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 84



https://asijournal.org ISSN: 3141-6292 Duru et al. (2026)

Table 1: Description of Variables and Parameters

Variables | Description
Sh Susceptible human population
Shu Unvaccinated humans for Malaria
She Vaccinated humans for Malaria
Eym Exposed humans to Malaria only
B, Exposed humans to Zika virus only
Epms Exposed humans to Malaria and Zika
Inm Infectious humans with Malaria only
Inmr Infectious humans with Malaria only undergoing treatment
Inmu Infectious humans with Malaria not undergoing treatment
In.s Symptomatic infectious humans with Zika
Inoa Asymptomatic infectious humans with Zika
In.r Infectious humans with Zika only undergoing treatment
Inms Co-infectious humans with Malaria and Zika
InmaT Co-infectious humans with both Malaria and Zika undergoing treatment
Tt Co-infectious humans with both Malaria and Zika not undergoing treatment
Ry, Recovered humans from both diseases
Simw Susceptible Anopheles mosquito population
Enw Exposed Anopheles mosquito population
I Infectious Anopheles mosquito population
S.v Susceptible Aedes mosquito population
E., Exposed Aedes mosquito population
1., Infectious Aedes mosquito population
Parameters | Description
Ay, Level of recruitment of humans into susceptible population
Ao Level of recruitment of Anopheles mosquitoes
A, Level of recruitment of Aedes mosquitoes
% Rate at which vaccinated humans loses immunity
0 Rate of loss of immunity to Malaria from recovered class
p1 Proportion of the susceptible humans that rejects vaccination
02 Proportion of the susceptible humans that accepts vaccination
m Natural death rate of humans
T9 Rate of death due to Malaria
T3 Rate of death due to Zika disease
Ty Rate of death due to co-infection
aq Contact rate of Anopheles mosquitoes with humans
Qs Contact rate of Aedes mosquitoes with humans
51 Probability of transmission of malaria from infectious mosquitoes to unvaccinated humans
Bo Probability of transmission of malaria from infectious mosquitoes to vaccinated humans
53 Probability of transmission of malaria from infectious humans to mosquitoes
B4 Probability of transmission of malaria from humans undergoing treatment to mosquitoes
55 Probability of transmission of malaria from humans not undergoing treatment to mosquitoes
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B Probability of transmission of malaria from co-infectious humans

to mosquitoes

B Probability of transmission of malaria from co-infectious humans undergoing treatment
to mosquitoes

Bs Probability of transmission of malaria from co-infectious humans not undergoing treatment
to mosquitoes

N1 Probability of transmission of zika virus from infectious mosquitoes to humans

M2 Probability of transmission of zika virus from symptomatic humans to mosquitoes

73 Probability of transmission of zika virus from asymptomatic humans to mosquitoes

i Probability of transmission of zika virus from humans undergoing treatment to mosquitoes

75 Probability of transmission of zika virus from co-infectious humans to mosquitoes

N6 Probability of transmission of zika virus from co-infectious humans undergoing treatment
to mosquitoes

N7 Probability of transmission of zika virus from co-infectious humans not undergoing treatment
to mosquitoes

01 Rate at which exposed humans with Malaria parasite become infectious with Malaria

I Rate at which exposed humans with Zika virus become infectious with Zika disease

03 Rate at which co-infected humans become infectious with both diseases

€1 Rate at which infectious humans with Malaria accepts to be treated

€9 Rate at which infectious humans with Malaria refuse to be treated

o1 Rate at which co-infectious humans accept to be treated

09 Rate at which co-infectious humans refuse to be treated

X1 Proportion of infectious humans with Zika that are symptomatic

X2 Proportion of infectious humans with Zika that are asymptomatic

o1 Proportion of infectious humans with Malaria not undergoing treatment that loses

their infectiousness
P2 Proportion of co-infectious humans not undergoing treatment that loses their Malaria infectiousness

Y1 Rate of recovery of infectious humans with Malaria undergoing treatment
Y2 Rate of recovery of co-infectious humans with Malaria and Zika virus disease undergoing treatment
w1 Rate of recovery of symptomatic infectious humans with Zika virus not undergoing treatment

w2 Rate of recovery of infectious humans with Zika virus undergoing treatment
w3 Rate of natural recovery of asymptomatic humans with Zika virus

P Rate at which symptomatic infectious humans with Zika accepts to be treated
K1 Rate of reduction of Anopheles mosquitoes
Ko Rate of reduction of Aedes mosquitoes

tm | Natural death rate of Anopheles mosquitoes
Lz Natural death rate of Aedes mosquitoes
2 Rate of development of Infectiousness of Malaria parasite in Anopheles mosquitoes
Vo Rate of development of Infectiousness of Zika virus in Aedes mosquitoes
Mg | Population of Sterile males to control Anopheles population
Zgsrr | Population of Sterile males to control Aedes population
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2.2 The disease reproduction number

The disease-free equilibrium (DFE) point of the model is the steady state solution of (1) where there
is no malaria infection, zika virus infection nor coinfection in the human and mosquito populations.
It is denoted by E° and given as

B0 — ( Ap Pl p2lp, Ao A )

b 9 7070,0707070707070707070707 70707£?O70
pr+p2+ 711 Ti(pr+p2+711) T(p1+ p2+T71) tm Lz

The control reproduction number is defined as the average number of new cases of an infection
caused by one typical infectious malaria, zika virus or coinfectious human or mosquito in a population
consisting of susceptibles only (Ajao et al., 2023; Musa et al., 2023; Omede et al., 2023). The control
reproduction number which corresponds to the dominant eigenvalue of FV ! denoted in Duru et al.
(2024) by Ry, is given by

Ry, = maz (R, R.). (2)
where 1
Ro_ <V151A1(A2B4B3 + Aze1By + A4€2B3)>2
" {im B3 Bs(B1B2 By — £2016¢1)
and
1
Ro— (C’1V252(C'2X1D3D4 + C3x2D2Dy + C'4X1¢D3)>2
- pzD1D2D3DyDs ’

. o105 Amy As — a186Amy

A A A
A = a1Ap(Bip1 +ﬁ290f02)’ Ay = a1 /33 m g a1 m -y A ’
T (Kl + p2+71) N m Lom Lo fim
« o
Ag = M,fh = M,Bl = 01471, By = Ti+1e+e1+er, By = vi+11+72, By = ¢1+71+ 12,

Hm Hm

aom A
Bs =v1+p,Bsg=03+71,Br =T1+7+01+02,Bg =1+ 74 +wa, By = 11 + 74+ 2, C1 = $,
1
Cy = O42772sz Oy = 042773sz704 _ 042774sz’05 _ 042775sz g = 042776sz Cy = 042777sz’
o) Hz Mz

Dy = (x1 —ZFX2)52 +T1,5; =T1+73 +1lJZ+aJ1,D3 = 71Mi7'3 +ws, Dy =11 + 73 + w2, D5 = va + p.
The control reproduction number was obtained using the Next-generation matrix approach. R, is
the average number of humans and Anopheles mosquitoes that can be infected by one infectious
humans or mosquito with malaria in a population of susceptible humans or mosquitoes. Similarly,
R, is the average number of humans and Aedes mosquitoes that can be infected by one infectious

humans or mosquito with zika virus in a population of susceptible humans or mosquitoes.

3 Stability Analysis of the disease-free equilibrium

3.1 Local stability of the disease-free equilibrium

Theorem 3. The DFFE is locally asymptotically stable if R,,, < 1 and unstable if otherwise.

Proof. See (Duru et al., 2024). O
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3.2 Global stability of the disease-free equilibrium

Theorem 4. Consider the system of differential equations

dX
% = F(X,Y), (X, 0) = 0. (4)

where (3) is the system of differential equations, satisfied by non-disease classes such that X =
(Shs Shus Shos
Ry, Siws Szv) and (4) is the system of differential equations satisfied by the disease classes so that

Y = (Ehm> Ehz> Ehmza Ihm7 IhmT> Ith, Ith’ Ith> IhzTa Ihmza Ihszajhsz7 Emva Imm Ezm Izv)- The
CFE, E° is GAS if (3) is GAS, and if in (), BXs — F»(X,Y) > 0, where B is the Jacobian matriz
of [5(X,Y), evaluated at E°.

Theorem 4 was adapted from Castillo-Chavez and Song (2004).

Proof. See See (Duru et al., 2024). O

3.3 Coinfection endemic equilibrium point of the system

Coinfection Endemic equilibrium points (CEEP) are steady-state solutions in the population where
malaria and zika virus disease persist, that is, where all state variables are positive. The endemic
equilibrium points denoted in this work by E* is gotten by changing all state variables to have
the index ‘¥, set each equation in the model to zero and find an expression for the state variables
(Lutera et al., 2018; Mahato and Mishra, 201).

Theorem 5. The positive endemic equilibrium exists and is unique if and only if Ry, > 1.

Proof. To show the existence of the co-infection endemic equilibrium, the approach by (Massawe et
al., 2015; Mpande et al., 2015) is adopted. Summing all the equations of the model at the endemic

equilibrium gives

Ay —711(SE+ S, +Shy + Ef + Ery + By + L + iy + T + iy + Lins + Lisa
+ Lnor + Lz + D + Lizv + Br) — T2 + Dir + i) — 78(Unzs + Lhoa + L)
= T4z + Lot + Dnmer) + Ao — i (S + By + Iny) — K1 Msim S + Ay
— p=(S%, + EZ, + I2,) — keZsirSZ, =0

Simplifying further, we have

Ap — TlN;; - TQ(I;;m + I;:mT + I;LkmU) - 7-3(];;25 + I;;ZA + I;ZZT) - T4(I;Lkmz + I;Lksz + Iltsz)

+ Ay — e Ny — K1 Ms17S50,, + Aoy — N2, — k2 Zsi7S%, =0 (5)
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The result (5) can be rearranged to obtain

Ah + Ay + Ay = TIN;; + 7-2(Ii>:m + Ii):mT + IimU) + 7_3(1;:2.5' + I;:ZA + I;Lsz)
+ 7_4(]2771,2 + I/tsz + I;:sz) + /’LmN;vkw + K’lMSITS:nU + MZN;U + ’%QZSITS;U

Since Ap+ Ay +A >0, 1>0, >0, 73>0, 74 >0, by, >0, py >0, K1 >0, and ko > 0
then, TNy >0, punNyg, >0, (L}, + 1+ 1Iip) >0, m(Ii,e+ I 4+ 1) >0,
Ta( L}y + Lner + Ihsz) >0, and pu,NZ > 0.

This implies that at least one malaria infectious state, one zika infectious state and one coinfectious
state exist. Since the existence of I} ,; and I; - are dependent on I, then it guarantees that if
(1}, + 1 + 1) > 0 then, I > 0. Similarly, the same results holds for I}, ¢, I}, , and I, ..
Thus, at the co-infection endemic equilibrium, I}, > 0,1y ¢ > 0,1;, 4, > 0,1; > 0. O

3.4 Bifurcation analysis

In this subsection, we conducted bifurcation analysis to check if the co-infection endemic equilibrium
is locally asymptotically stable or not and obtain some conditions for the existence of forward or
backward bifurcation in the system. The method of Castillo-Chavez and Song (2004) based on the
Center Manifold Theorem is employed.

Theorem 6. Given a system of ordinary differential equation with a bifurcation parameter ;
v (t) = f(z,9), f:R"xR, feC*R"xR). (6)

Let J = %3’0) be the Jacobian matriz of f(x,v) evaluated at (0,0), where x = 0 is the equilibrium
point of the system. Assuming the following hold;

1. zero is a simple eigenvalue of the Jacobian matriz, and all other eigenvalues of J have negative

real part.

2. J has a nonnegative right eigenvector w and a left eigenvector v corresponding to the zero

etgenvalue.

Let fr(x,) denote the kth component of f(x,v) and

9% fr(0,0) 0% /(0,0)
1= Z R oy T D v 92,00

ki, ki

then

1. If ¢ > 0, r > 0, then when v < 0 with |¢| < 1, x =0 is locally asymptotically stable and 3 a
positive unstable equilibrium; and when 0 < |¢| < 1, x = 0 is unstable, and 3 a negative and

locally asymptotically stable equilibrium.
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2. If ¢ <0, r <0, then when 1 < 0 with || < 1, x = 0 is unstable; and when 0 < || K 1, x =0

is locally asymptotically stable and 3 a positive unstable equilibrium.

3. If ¢ >0, r <0, when ¢ <0 with || < 1, x =0 is unstable and 3 a locally asymptotically
stable negative equilibrium; and when 0 < || < 1, z = 0 is stable and a positive unstable

equilibrium appears.

4. If ¢ < 0 and r > 0, when 1 changes from negative to positive, x = 0 changes from stable
to unstable. correspondingly, a negative unstable equilibrium becomes positive and locally

asymptotically stable.

Particularly, if ¢ < 0 and r > 0, then a forward bifurcation occurs at vy =0 and if ¢ > 0, r > 0,

a backward bifurcation occurs at ¢ = 0.

Proof. To perform the bifurcation analysis on the co-infection model, we will have two case scenario
since the co-infection reproduction number, R,,, = max(R,,, R,). Hence, we need to consider a
situation where R, is the maximum and thus the co-infection reproduction number and when R, is
the co-infection reproduction number.
Case 1: Let R,, be the coinfection reproduction number and let our state variables be represented
thus; Sy, = @1, Spu = T2, Sh = 3, Enm = @4, Ene = @5, Epme = %6, Inm = @7, Inmr = 28, Inmu =
29, Inzs = 210, Ihaa = @11, Lot = 12, Inmz = 2135 Ihmer = 145 Ipmev = 15, By = %16, Sw =
217, By = 18, I = 19, Sz0 = T20, Ezp = 21, Ly = X2, MgiT = X293 and Zgp = x24.
If we choose B3 as the bifurcation parameter, then R,, = 1 implies that

 pa,B3Bs(B1BaBy — e9¢161) — A111601(Aze1 By + Asea Bs) jim

/33 = /83 - o1 A A1v101 B3 By ,

Let J(E?, 33) be the Jacobian matrix of f(x,3}) at the coinfection-free equilibrium E° where 33
is now replaced with 85 which is the bifurcation parameter. The matrix J(EY, 35) possesses one
zero eigenvalue, while the remaining eigenvalues have negative real part. Therefore, J(E°, 3%) is
non-hyperbolic, and we can apply the center manifold theorem to analyze the dynamics of the model
around the bifurcation parameter value 83. The right and left eigenvectors corresponding to the
zero eigenvalues satisfying the systems is given by J(E°, 35)w = 0 and ©.J(E?, 55) = 0, respectively.
Case 2: Let R, be the coinfection reproduction number and let our state variables be represented

as in case 1. If we choose 79 as the bifurcation parameter, then R, = 1 implies that

_ p2D1 Dy D3 Dy Dy — Chv269(Cyx2DaDy + Cax19 D)
ol Crv202X1 D3 Dy ’

n=1>

Let J(E?,n3) be the Jacobian matrix of f(x,n3) at the coinfection-free equilibrium EY where 7,
is now replaced with 75 which is the bifurcation parameter. The matrix J(E?,73) possesses one
zero eigenvalue, while the remaining eigenvalues have negative real part. Therefore, J(E°, n3) is
non-hyperbolic, and we can apply the center manifold theorem to analyze the dynamics of the
model around the bifurcation parameter value 7;.
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The right and left eigenvectors corresponding to the zero eigenvalues satisfying the systems
J(E°, m3)w = 0 and vJ(E%,n3) = 0, respectively is the same as used in case one.

The Jacobian matrix J(E°, n3) and J(E) are the same, only that in Cs, 72 is replaced with 73.
For case one, using the Jacobian matrix, J(EY, 85) and the vector w = (w1, wa, w3, wy,

W5, W6, W7, W, W9, W10, W11,

w12, W13, Wi4, W15, W16, W17, W18, W19, W20.W21 and w22), then J(EO, ,35):)711 will give

—Agwi + Owie
prwi — 1wz — Agwig — Arowaz
paw1 — Trws — Cgwig — Cowaa
—Biws + ¢r1we + ¢2wis + Ar1wio
—Diws + Chrwaz
—Ba’ws
51’LU4 — ng'r
€ELW7 — B3’UJs
W7 — B4w9
Dews — Dawio
J(E°, B3)d = Drws — Dawi
Ywio — Dywie
d3wes — Brwis
o1w13 — Bswig
o2w13 — Bowis
Y1ws + wiwip + wawii + wiawiz + Yawia — Dewie
—A§w7 — Azwsg — Aywy — Aswiz — Aswia — Arwis — Hm W17
Aswr 4+ Azws + Aqwe + Aswiz + Aswia + Arwis — Bswis
rViwis — UmWi19
—Cowio — C3wir — Cawiz — Cswiz — Cowia — Crwis — przwao
Cowig + C3wir + Cawiz + Cswiz + Cewia + Crwis — Dswar

VW21 — fhzW22

From the result of the product J(E°, 33)w, we will take ws = w7 = 1 > 0 so that the other terms

can be easily obtained in terms of ws as follows;

we = W13 = W14 = w15 =0

9[D2D3D4’7161’w7 + B3 Dsw1D4Dgws + B3 Do Djywo Drws + B3D3w31/)D6w5]

W= AgByDyD3DyDs ’
Wy = p10[D2 D3 Dyy1e1wy 4+ B3 D3wi Dy Dgws + B3 Dy Dyws Dyws + B3 D3w3th Dews|
T1AgBa Do D3 Dy Dy
_ Agv1[A2B3 By + Aze1 By + AseaBslwr Ao Dyws
1 b B3 B4 Bs 71C1
ws = p20[D2D3Dyyie1wy + B3 Dawi DyDews 4+ B3 D Dywo D7ws + B3 D3wstp Dews |
T1A832D2D3D4D8
 Cs11[A9B3By + Aze1 By + Asea Bslwr  CoDyws
T1pm B3 B4 Bs 11Ch
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wr — Bywz we = WT o ewr Dews S Drws o — h Dews
4 51 ) 8 B3 ) 9 B4 ) 10 D2 ) 11 D3 ) 12 D2D4
Wi — D2D3D4fquw7 + B3D3w1D4Dgws + B3 Do D 4w D7ws + BgD3w3¢D6w5
16 ByDyD3Dy Dy ’
e — —[A2B3By + Ase1 By + Agea Bslwy e [A2B3 By + Aze1 By + Ayez B3wy
T tm B3 B e B3B.B; ’
Wie — V1 [AngB4 + Ase1 By + A46233]w7 Wy = —[02D3D4D6 + C3D9DyD7 + C41/JD3D6]’UJ5
m B3 By Bs ’ pzDoD3 Dy ’
wor — pzD1ws S Dyws
21 ClVQ ) 22 Cl .

Likewise, the left eigenvectors corresponding to v.J(E?, 55) now becomes;

—v1As + v2p1 + v3p2
—V2T1
—U3T1
—v4B1 + v7é1
—v5 D5 + v10De + v11D7
—veBs + v1303
—vr B2 + vger + voea — v17 A3 + vis A3
—vg B3 4 vie71 — v17 Az + vis A3
vap1 — vo By — v17 A4 + v18A4
—v10D2 + v129) 4+ view1 — v20C2 + v21Ca
EJ(EO, 1) = —v11D3 + vi6w3 — v20C3 + v21C3 —o.
—v12D4 + viewz — v20Cs + v21C4
—v13B87 4+ v1401 4+ v1502 — v17 A5 + v1sAs — v20C5 4+ v21C5
—v14Bg + vi6y2 — vi7As + vigAe — v20Cs + v21C%
—v15Bg — v17A7 + v18 A7 — v20C7 + v21C7
010 — v16Bs
—V17m
—v18B5 + v1o11
—v2a2 — V303 + V4A1 — Vigfim
—V20Mz

—v21 D5 + v2212

—v2c1 — v3c2 +v5C1 — V22t

Taking v4 = v5 > 0, we will have the following v; = vy = v3 = vig = v17 = V99 = 0,
_ A1ByDsvipzv403[Aso1 + A709] + [A1 A5 Dsvi pi2v4 + CrCs Bsvafimvs| Bs Byds

V6

> Bs Be B7 Bg By D5
vy = v4B1 g = va A1 A3y oo = (A1 Agvy + pm Bsé1)vg 10 = v9C1(Cyp + CaDy)vs
& pmY1Bs tmB4Bs ’ pzDoDyDs 7
. 7)50103V2 v U5C1C4V2
- , U12 =
U DsDs p1zD4Ds
15 = A1 ByDsvipi,v4[Asor + Aroa] + [A1As Dsvy pivs + C1Cs Bsvafimvs| Bg By
Mtz Bs By Bs Bg D5 ’
v 7)4A1A6V1 ’1)50106V2 v ’U4A1A7l/1 1)501071/2 v U4A1V1
14 = , V15 = , V1g = ;
tm Bs By D5 By tm Bs By D5 By m Bs
v4 A1 v5C1v9 U501
V19 = , V21 = , V22 = .
L, pzDs
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Also, let
[ fi 1 [ Ap + 0zs — (p1 + p2 + 71)x1 1
f2 p1x1 — (@1 f1T19 + aamizaz + T1) T2
f3 p2x1 — (01 B2219P + aami e + 71 )3
fa a1 B1219%2 + a1B2219Px3 + P19 + Pais — QoM T22Ts — (01 + T1)Ta
fs aomzaz(z2 + x3) — arfiziors — ((x1 + x2)02 + 71)zs
fe 18171975 + aemxeezs — (03 + T1)x6
fr 0124 — aamxooxy — (T1 + T2 + €1 + €2)x7
fs €127 — (1 + 71+ T2)xs
fo e2x7 — (¢1 + 71 + T2)x9
fio dax1%5 — a11z19Z10 — (T1 + T3 + ¥ + w1)x10
FX(1) = fi _ d2x2%5 — a1Biz19z11 — (11 + T3 + w3)T11
fiz2 Yx10 — (11 + T3 + wa2)x12
fi3 a1B1z19(x10 + 11) + @2 x22x7 + 0326 — (T1 + T2 + 01 + 02)x13
fia o1713 — (71 + T4 + 72)T14
fis o213 — (11 + T4 + P2)T15
fie Y1Ts + Y2&14 + wW1Z10 + wak12 + wsx11 — (71 + O)z16
fi7 Ao — @1(B3z7 + Baxs + Bsxo + Box13 + Brrra + Bszis)T17 — (Kixas + fim)T17
fis a1(Bsxr + Baxs + Bsxo + Bexis + Brxia + Bsxis)zir — (V1 + pm)T1s
fi9 V1T18 — fmT19
f20 Ao — a2(mazi0 + M3211 + Max12 + P5213 + NeT14 + N7215)T20 — (KeX24 + Hz)T20
f21 az2(n2x10 + N3x11 + Naz12 + N5213 + Nex14 + N7T15)T20 — (V2 + p2)x21
| S22 ] i V2T21 — UzT22 ]

From Castillo-Chavez and Song [9] theorem on bifurcation analysis using the Center Manifold
theorem, we require some second partial derivatives of the fl-’ s with respect to the x;s for i =
1,2,3,...,22. From f(X), we can only obtain second partial derivatives which are not zeroes from
T2 f3, fas I3, fo, f2, fro, Ja1, fas, Sz,
fi1s, foo and fo1. Therefore, expanding ¢ and r in terms of v, the left-eigenvectors and w, the

right-eigenvectors with the associated derivatives of f, we will have

02 £1.(0,0
q= Z VpWiW; Oz (8 ) _ = 2wiga f1[vaws + vews + vizwig + V13wl — VsWs — V1pWi0 — V11W11]

k,i,j
+ 2ugwswiga Po® + 2waaan: [Vswa + V5w + Vews + Vi3Wr — Vaws — V7wy] + 2v18Wrw17n 3

+ 2uigwswiror Ba + 2vigwowi7y B + 2v21wWi10W002N2 + 2021W 11 W2000N3 + 2U21 W12W20 X214,

and

= 9% f(0,0
r= Z VW 8f o0 ) _ = V1sW7rQ1T17 + V1gW17Q1 L7

v4w7a1[B4A1V1511‘17 — B5(B1B2By — 6251¢1)R0ml‘7]
tm BaB501

The endemic equilibrium of the coinfection model will be locally asymptotically stable if ¢ < 0 and

r > 0. In this case, a forward bifurcation occurs. But, if otherwise then backward bifurcation occurs
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and the endemic equilibrium will not be locally asymptotically stable. In the analysis, we saw that
the values of both the left and right-eigenvectors, v and w could not be determined except assuming
that two left eigenvectors (v4,v5) or two right-eigenvectors, (ws,w7) are positive and then obtain
others in terms of them. This is an indication also that the model may not have a unique endemic
equilibrium.

For case 2, the product of the Jacobian matrix J(E°, n}) with the right and left-eigenvectors will

yield similar results as in case one since the only change required is to substitute ne with 15 in Co

02 £ (0,0
and obtain r = 7% ; vkwi({){;(aq;;).
In this case, the equation for r becomes
_ 9? f21(0,0) 9% f21(0,0)  apwsvs[Cy Derowag — Dy D510 R3]
T =V21W10— 7 5 T V21W20 = .
010013 0z200m3 p2D2Ds

The endemic equilibrium of the co-infection model in this case will be locally asymptotically stable
if g < 0 and r > 0. The parameter r > 0 if C;Dgroxog > D2D5x10R%Z. Hence, the occurence of

backward bifurcation or not depends on the signs of ¢ and r as shown above. O

3.5 Global stability of the coinfection endemic equilibrium

The global stability of the coinfection endemic equilibrium is ascertained by means of Lyapunov
function as demonstrated in the works of Mpande et al. (2015) and Ozioko et al. (2024).
Consider the Lyapunov function

V= %)‘(2, (7)

where X = (S + Shu + Sho + Enn + Ene + Emz + I + It + Inmu + Ines + Inza + Inar +
Ihmz + Ihsz + Ihsz + Rh + va + Emv + Imv + Szv + Ezv + Izv)-
Then,

=2 - XX, (8)

where X = (Sh + Shu + Slw + Ehm + Ehz + Ehmz + jhm + jhmT + jth + jth + jth + jhzT +
Ihmz + Ihsz + Ihsz + Rh + va + Em'u + Imv + Szv + Ezv + Izv)-
Equation (8) becomes

dy —
== X(Ap — 11(Sh + Shu + Sho + Enm + Enz + Enme + Ihn + b + Int + Inmu + Inas

+ Ihea + Inet + Iz + Innet + Inmzv + Ba) — 72T + Iht + Ihnt)

= 73(Inzs + Thaa + Inor) — TaInmz + Thmet + Thimzv) + Mo — i (Smo + B + L)

— K1 MsrrSmy + A — 12(S20 + Bz + Ly) — K2Z517S20)

= X(Ap — 7iNL = 2(Thm + Ihot + Inmv) — 73(Tnzs + Inza + Inar)

— Ta(Thmz + Inmer + Thinzv) + Amo — i N — 81 Ms11Sme + Ay — 12Nz — k2Z517S20)
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muv

Ay A
Clearly, 0 < Nj, < —, 0 < Ny < and 0 < N,, < —2 as shown in section 4.1.3, which
fim iz
means that 7 N, < Ah, U Ny < Ay and @, Noyy < Ayy. Using 1Ny = Ap, i N = Ay and
Ny = sz7 then

av

o —(m2(Inm + Inmt + Inmu) + 13(Inzs + Inza + Iner) + Ta(Thme + et + Ihmzv)

+ k1 Mgr7Smy + K2 Z517520)X < 0

This shows that the co-infection endemic endemic equilibrium point is globally asymptotically stable
since % < 0. The global stability of the endemic equilibrium indicates that the co-infection will
persist in the system at a stable level irrespective of the size of the initial infected populations.
It also means that the number of infected humans with malaria and zika can never be zero. It
also means that the system will converge to the co-infection endemic equilibrium point with time

irrespective of the initial conditions.

4 Results and Discussion

In this section, we investigate the effects of the various controls employed in the system on the
populations studied. The effects of the individual controls as well as when they are combined are

analyzed. The simulation is shown in Figures 2—12.

Table 2: Parameters, Values and Sources

Parameters | Values Sources Parameters | Values Sources
Ap 100 Assumed B3 0.0044 Fatmawati et al. (2021)
Ao 100 Assumed B4 0.0022 Assumed
Ay 100 Assumed Bs 0.0044 Collins and Duffy (2022)
o 0.0125 Duru et al. (2024) Be 0.0022 Assumed
0 0.0146 Onah et al. (2019) Br 0.0044 Assumed
p1 0.65 Duru et al. (2024) B8 0.0022 Assumed
P2 0.28 Duru et al. (2024) w1 0.1429 Andayani et al. (2019)
Y1 0.25 Onah et al. (2019) w2 0.1667 Lamwong and Pongsumpun (2018)
Y2 0.111 Duru et al. (2024) w3 0.118 Dantas et al. (2017)
T3 0.0003 Duru et al. (2024) X1 0.31 Assumed
T4 0.0006454 | Duru et al. (2024) X2 0.62 Assumed
b1 0.13 Assumed aq 0.4 Onah et al. (2019)
o2 0.1 Assumed b1 0.034 Amaoh-Mensah et al. (2018)
o2 0.1 Assumed Ty 0.00004 Bonyah and Okosun (2016)
B2 0.013 Anyanwu et al. (2021) T2 0.00032338 | Nwankwo and Okuonghae (2019)
m 0.0009 Lamwong and Pongsumpun (2018) n2 0.07 Lamwong and Pongsumpun (2018)
n3 0.07 Lamwong and Pongsumpun (2018) N4 0.05 Assumed
5 0.03 Assuned 6 0.02 Assumed
nr 0.03 Assumed P 0.85 Andayani et al. (2019)
€1 0.62 Duru et al. (2024) €2 0.31 Assumed
o1 0.72 Duru et al. (2024) o2 0.18 Duru et al. (2024)
K1 0.25 Duru et al. (2024) K2 0.25 Duru et al. (2024)
V1 0.1 Onah et al. (2019) 01 0.0833 Duru et al. (2024)
Vo 0.1 Anyanwu et al. (2021) P 0.125 Andayani et al. (2019)
Mgt 500 Assumed 03 0.0833 Duru et al. (2024)
Z&ir 500 Assumed L, 0.0556 Lamwong and Pongsumpun (2018)
1z 0.0556 Lamwong and Pongsumpun (2018)

Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 95



https://asijournal.org ISSN: 3141-6292 Duru et al. (2026)

4.1 Effects of treatment

The effect of employing treatment only is shown in Figure 2. Here, the populations of the coinfectious
humans with both diseases reduced with treatment as compared to when there was no treatment.

This shows that employing treatment of infectious persons is critical in the control of infectious
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Figure 2: (i) Coinfectious humans (ii) Recovered humans under treatment

diseases. As the infectious classes are treated, the population of recovered humans increases as
shown in Figure 3(ii). The increase is because treatment increases the rate of recovery and reduces

the time spent in the infectious class.

4.2 Effects of vaccination

The effect of vaccination is shown in Figures 3. In this Figure, vaccination was seen to reduce the

population of susceptible humans as shown in Figure 3(i).
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Figure 3: (i) Susceptible humans (ii) Coinfectious humans

This is because vaccination protects more humans from malaria thus reducing the susceptible
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population of humans. The population of coinfectious humans (Figure 3(ii)) also reduced as more

people are protected from malaria by vaccination.

4.3 Effects of SIT

The effects of employing only sterile insect technique are shown in Figures 4. In this Figure, the
infectious mosquito populations were reduced under the application of SIT. The reduction in the
population of the mosquitoes reducing the number of possible contacts and infection with humans.
This underlines how powerful sterile insect technology is in controlling the malaria and zika virus

disease.
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Figure 4: Infectious Anopheles and Infectious Aedes mosquitoes

4.4 Effects of treatment and vaccination only

The effects of treatment and vaccination in the system are shown in Figures 5 — 6. In these Figures,
vaccination and treatment were seen to reduce the population coinfectious human significantly but
the mosquito population reduced slightly. The slight reduction in the mosquito population was
because the control measures employed here were not directly on the mosquito population hence

does not affect the population of the susceptible mosquitoes.

4.5 Effects of treatment and SIT only

The effects of treatment and SIT are shown in Figures 7-8. Employing treatment and sterile insect
technique as a control measure reduce coinfectious population significantly as well as the infectious
mosquito populations.

The reduction of the infectious mosquitoes is due to the reduction in the susceptible mosquito
population thus reducing the coinfectious human population as the number of mosquitoes that can

infect humans are reduced.
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Figure 5: Coinfectious humans under

treatment and vaccination only
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Figure 6: Infectious Anopheles and Infectious Aedes mosquitoes
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Figure 7: Coinfectious humans under treatment and SIT only
Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 98




https://asijournal.org ISSN: 3141-6292 Duru et al. (2026)

1200 1200

— — - —
— — - Ly —

1000 ” = =yithout control 1000 ” = =wilhout control
y me=  ==yith treatment and SIT m== == with treatment and SIT

800 /

[=*}
=}
=]

600

400

Infectious Anopheles mosquitoes
B @
f=1 =1
(=3 =
-~
\
Infectious Aedes mosquitoes

[
=]
=

200

0 b o 0 & — e
0 10 20 30 40 50 60 70 ) 90 100 0 10 20 30 40 50 60 70 ) 90 100
Time Time

Figure 8: Infectious Anopheles and Infectious Aedes mosquitoes

4.6 Effects of vaccination and SIT only

The effects of vaccination and SIT are shown in Figures 9 — 10. In these Figures, vaccination and
SIT were seen to reduce the population of coinfectious humans as shown in Figure 9. The population
of the infectious mosquitoes were also reduced in this case showing that SIT and vaccination offers

significant option in reducing the infectious human populations.
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Figure 9: Coinfectious humans under vaccination and SIT only

4.7 Effects of treatment, SIT and vaccination

Figures 11 — 12 show the effect of employing the three controls which are treatment, vaccination
and use of SIT to control the vectors. The simulation also showed that the combination of these
three control measures performed relatively better when compared to using only one or two control
measures. In this case, combining the three controls ensured that the three different populations

had a measure employed to help control them. This will ensure rapid and efficient control of the
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Figure 10: Infectious Anopheles and Infectious Aedes mosquitoes

diseases. Hence, we suggest that the three controls should be incorporated simultaneously in the

fight against malaria and zika virus disease. The analyses performed in this work has shown the

900
o == yyithout control
~ 800 e w=yith SIT, treatment and vaccination
']
=} '
& 700 e
o -~
= 600 7’
E e
£ 500 -
E ”
2]
@ 400 s
£ Vd
=1
& 300 /
E /
B 200
3 ’
£ 7
O 100r
-~
‘ —
0 — " P . -_ " : -
0 0 20 30 40 S50 60 70 8O 90 100
Time

Figure 11: Coinfectious humans under treatment, SIT and vaccination

importance of vaccination against infectious diseases such as malaria. It was shown that in the
presence of vaccination in all cases where it was employed in the simulation, the population of
infectious and coinfectious humans reduced drastically. The reduction is because the number of
humans susceptible to the disease was reduced significantly by vaccination. This underlines the
importance of vaccination and the need for health practitioners to keep encouraging people to
embrace vaccination. Efforts should be made to ensure that every barrier against vaccination such
as religious and ethnic sentiments as well as some conspiracy theories are overcome. Also, people
should be educated that refusing to be vaccinated does not only put them at risk but those around
them thereby causing a global health burden. The importance of treatment was equally shown
in this work. Treatment of infectious humans helped significantly to improve the rate of recovery

and reduce the time infectious humans spent being sick. This ensures that there are few infectious
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Figure 12: Infectious Anopheles and Infectious Aedes mosquitoes

humans who can infect the mosquitoes and renew the cycle of the spread of the diseases. Thus
refusing to be treated when sick is not an option that should be entertained. Moreover, as proposed
in Duru et al. (2024), using sterile insect technique as a control measure against the continuous

growth of mosquitoes was shown to be highly successful.

5 Conclusion

In this work, the coinfection model proposed by Duru et al. (2024) was studied to provide more
insight into the dynamics of the coinfection and its control. The model incorporated vaccination,
treatment and sterile insect technique as control measures against the spread of malaria, zika virus
disease and their coinfection. The model was shown to be well-posed epidemiologically by proving
that the solutions to the system are always positive and bounded. Then, the existence of an endemic
equilibrium was also shown and using bifurcation analysis, the conditions for having forward or
backward bifurcation were obtained. Also, the global stability of the coinfection endemic equilibrium
was shown by means of Lyapunov method. Furthermore, numerical simulations were performed to
show the effects of the various controlled adopted in the work. The results showed that each of the
three controls contributed to the reduction of the coinfectious population. This shows that malaria,
zika virus disease and their coinfection will be effectively controlled by ensuring that intervention
efforts should not only be focused on humans nor mosquitoes seperately but simultaneously on
both humans and mosquito population. In future studies, the performance of different incidence
functions can also be employed and compared to the results obtained here. Furthermore, different
controls such as physical and chemical procedures can also be incorporated into the system to see if

better results will be obtained.
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